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Abstract A POMDP model is essentially equivalent to that of MDP
with the addition of a finite set of observations and a set
Partially observable Markov decision process (POMDP) of corresponding observation probabilities. Due to the par-
is commonly used to model a stochastic environment withtially observability on the environment, the observation his-
unobservable states for supporting optimal decision mak-tory has to be memorized to help making proper decision,
ing. Computing the optimal policy for a large-scale then the policy of a POMDP is a mapping from histories of
POMDP is known to be intractable. Belief compression, be- observations to actions.
ing an approximate solution, reduces the belief state to be  Wwith compressing the observation history intdelief
of low dimension and has recently been shown to be bothstate, POMDP’s policy is now defined over these belief state
efficient and effective in improving the problem tractabil- which is a probability distribution over the unobservable
ity. In this paper, with the conjecture that temporally close real states as an effective summary of the observation his-
belief states could be characterized by a low intrinsic di- tory. The policy of a POMDP is thus a mapping from a
mension, a novel belief state clustering criterion function pelief state to an action over the entire continuous belief
is proposed, which considers the belief states’ spatial (in space. The best bound of computing complexity for obtain-
the belief space) and temporal similarities, resulting in be- jng the exact solution of optimal policy is doubly exponen-
lief state clusters as sub-POMDPs of much lower intrinsic tial in the horizon [3] For |arge-sca|e POMDP prob|ems' it
dimension and to be distributed to a set of agents for col- js computationally infeasible even though it is known that
laborative problem solving. The proposed method has beenthe value function can be proven piecewise linear and con-
tested using a synthesized navigation problem (Hallway2) vex (PWLC) over the belief space [1].
and empirically shown to be able to result in policies of su- | yhe Jiterature, there exist a number of different meth-
perior long-term rewards when compared with those based ¢ proposed to solve large-scale POMDP problems effi-
on only belief compression. Some future research directionscienuy, including the witness algorithm [1], VDC algorithm
for extending this belief state analysis appproach are also [10], BFSC alogrithm [11], etc. Another orthogonal direc-

included. tion for making the solution scalable is to take the divide-
and-conquer approach, which, at the same time, can further
facilitate the problem solving to be conducted in a multi-
1 Introduction agent setting. While there have been some previous work
on automatic decomposition of POMDP, efficient and ef-
Markov decision process (MDP) is a well-known deci- fective paradigms to support POMDP decomposition and
sion making framework under a stochastic environment. An distribution are still lacking.
MDP model consists of a finite set of states, a set of corre- In this paper, we are inspired by the recently proposed
sponding state transition probabilities and a reward func- belief compression approach and notice that analyzing a
tion. Solving an MDP problem means finding an optimal sample of belief states computed based on observations
policy which maps each state to an action so as to achievecould in fact provide us a lot of hints for reducing the prob-
the best long-term reward. One of the most important as-lem complexity in a problem-specific manner. For example,
sumptions in MDP is that the state of the environment is based on the fact that belief states of POMDP can typically
fully observable. This, however, is unfit to a lot of real- be characterized by a much lower dimensional state space,
world problems. Partially observable Markov decision pro- the belief compression approach uses dimension reduction
cess (POMDP) generalizes MDP in which the decision pro- techniques like PCA and exponential PCA to reduce the
cess is based on the incomplete information about the stateproblem complexity. With the conjecture that temporally



close belief states could be characterized by a set of clusthe value function of the projected belief states no longer
ters, each with a further reduced intrinsic dimension, this piecewise linear. The consequence is that many existing al-
paper proposes to cluster belief states based on their spagorithms taking the advantage of the piecewise-linear value
tial (in the belief space) and temporal similarities, resulting function become not applicable together with belief com-
in belief state clusters as sub-POMDPs of much lower in- pression. As suggested in [8], those sampled belief states
trinsic dimension and to be distributed to a set of agentsin the projected space can be used as the states of a corre-
for collaborative problem solving. We have tested the pro- spondingly formed MDP. One can then compute the optimal
posed method using a synthesized navigation problem andolicy for that associated MDP.
showed that the belief state clustering approach can resultin
policies of superior long-term rewards when compared with
those based on standard belief compression. 3 Clustering Belief States for POMDP De-

The remaining of this paper is organized as follows. Sec- composition
tion 2 provides the background on belief compression. Sec-
tion 3 describes the proposed belief state clustering tech-
nigue. Section 4 provides the details for computing the sub-
POMDP policies and how they are used for solving the en- 3.1 General Ideas
tire POMDP as a whole. Experimental results are reported
in Section 5 with possible extensions included in Section 6.

, Rather than being yet another technique to address the
Section 7 concludes the paper.

POMDP’s scalability issue, we perceive that the belief com-
pression approach in fact opens up a new dimension for
2 Belief Compression tackling POMDP problems. That is the possibility to apply
data analysis techniques to the belief space, leading to the

Belief compression is a recently proposed paradigm [8], possibilities of having more elegant problem solving tricks.
which reduces the sparse high-dimensional belief space to a
low-dimensional one via projection. The principle behind is . . . . .
to explore the redundancy in computing the optimal policy 3-2 Dimension Reduction Oriented Clustering
for the entire belief space which is typically sparse. Using a
sample of belief states computed based on observations of a . ) - , .
specific problem, data analysis techniques like exponential AS mentioned in [8], the efficiency of belief compression
principal component analysis (EPCA) can be adopted for IS OWing to |t§ str_ategyfortackllng the high-dimensional be-
characterizing the originally high-dimensional belief space lIef staté which is one of the main causes for the exponen-
using a compact set of belief state bases. This paradigmt'al complexity. To further exploit the dimension reduction

has been found to be effective in making POMDP problems Paradigm, we propose to decompose POMDP by analyzing
much more tractable. the manifold of a set of sampled belief states for clustering.

Let S denote the set of true statd®.denote the belief e anticipate that in these cases, there should exist some
space of dimensiof$|, b € B denote thé belief state where clusterings which could result in more substantial dimen-
o o cloment, (7 >,0 andz‘slo bi(j) = 1, B denote a sion reduction per cluster when compared with that of the

2 = )

15| xn matrix defined g, [ba .| bn] wheren is the number overall belief states. In other words, the clustering criterion
of belief states in the trailniligi.éa;\ple that we are looking for is one that is formulated to maxi-

According to [8], one can apply EPCA and obtaifax mize the with-in cluster problem regularity to account for

. . . . | the further reduction. To contrast, most of the conventional
[ transformation matri¥/ which factorsB into the matrices - . . .
= data clustering techniques try to identify data clusters for
U and B such that

maximizing the overall inter-cluster variance/distance while
at the same time minimizing the overall intra-cluster vari-

where each column oB equalsb ~ b" = eV’ and the ance/distance.
dimension ofB is ] x n. As the main objective o/ is for This idea can be intuitively interpreted as exploitation of
dimension reduction, it is typical that<< |.5]. the structural modularization from the belief state perspec-
To compare with some standard dimension reductiontive. Thus, the proposed belief state clustering has some
techniques like PCA, EPCA is found to be more effective analogy with POMDP decomposition. However, in the lit-
in dimension reduction. Also, EPCA can guarantee all the erature, most of the proposed POMDP decomposition tech-
elements of a belief state to be positive, which is important niques focus on analyzing the original states of the POMDP,
as each belief state is a probability distribution by itself. instead of based on the statistical properties of belief state
However, the transformation is a non-linear one, making occurrence as what being proposed in this paper.

B VB 1)



3.3 A Spatio-Temporal Criterion Function for For the original belief compression, the compression
Clustering is based on primarily one transformation mattixas de-
scribed in Section 2. Now, as the belief states are clustered,

In this paper, we propose to cluster the belief states basedhere will be several transformation matrices, each corre-

on both their euclidean distance as well as their temporalsponding to a particular cluster. Let the belief state sam-

difference, with the conjecture that regularities should be ple be partitioned intd® clusters{C}, C5, ...,Cp} and the

easier to identify for temporally close belief states. Among transformation matrix of the!” clusterC, to beU,. The

all the clustering algorithms, the-means algorithm [7] is  reconstructed belief states associated'jacan then be ap-

here chosen just for the simplicity reason. It is based on proximated a$™C» = eUrb . To measure the dimension re-

a function defined for measuring the distance between theqyction effectiveness via the clustering, the KL divergence

cluster means and each data item. Data found to be closesger cluster is to be computed, given as

to one of the cluster means will contribute to the update

of that mean in the next iteration. The whole process will S co KL(bj||bT.’C”)

repeat until it converges. For clustering belief states with the KL(Cp) = ot c J

dimension-reduction objective, we define a spatio-temporal Gl

distance function between two belief states, given as

®)

Before proceeding to the next section for computing the
policy, we would like to highlight the fact that clustering the

cor PN . 1. . 1y belief states can result not only in reducing the overall com-
dist(bi,bj) = \/dwts”““al(b“ bj) + Adistiemporai (bis bs) plexity for solving the original POMDP problem, but also
i—j that for performing the EPCA for belief compression and

= 4/lIbi = b51* + A”WHQ (2) that for computing the transition probabilities of the pro-

jected belief states. This computational gain is achieved at
where \ is a trade-off parameter for controlling the rela- the expense of the clustering overhead as well as the opti-
tive contribution of the first (spatial) term and the second mality of the resulting policy that we may sacrify after the
(temporal) termn|S| is introduced to normalize the second problem decomposition. Fortunately, the clustering over-
term to be within[0, 2]. If X is too large, it will dominate  head is found to be not significant when compared with the
the first term and th&-means clustering results will essen- overall complexity. For the resulting policy’s optimalty, the
tially be cutting the belief state sample into some consecu-results we obtained so far are very positive.
tive parts according to the belief state appearance sequence
in thg sample. Also, the value &f i.e., the number of c;lus— 4 Computing POMDP Policy
ters, is another parameter that one can tune for optimal be-
lief state dimension reduction. To determine the values of
A andk, we only used an empirical procedure in this paper
to be explained in the subsequent section. It is in fact pos-
sible to replace thé&-means clustering with methods like
mixture of Gaussians so that the data partition becomes so
instead of hard and the analytical derivation of optimal
could be possible. This part will further be pursued due to
the promising empirical results we obtained in this paper.

As mentioned in Section 2, those existing efficient ex-
act algorithms (e.g. Witness algorithm [1]) no longer fit to
solve the POMDP problem with reduced dimension due to
+£PCAs non-linear projection. As in [8], we use the MDP
value iteration method on the low-dimensional sampled be-

lief states to get an approximate policy, which has been
proven to be a bounded-error approximation in [4]. While

As just mentioned, the optimality f and \ should be W€ do_ not have _major contribution in this part, related for-
defined based on some criterion function which measuresmulations are still repeated here for completeness. .
the difference between the original belief states and the re- L€t B denote the set of belief state clusters, each being
constructed belief states after belief compression is applied.2Ssociated with a different transformation matiix Thus,

As each belief state is a probability distribution, Kullback- We have

Leibler (KL) divergence could be used for evaluating the - o -

discrepancy between the original belief states and the re- B ={B“,B%,.., B} (6)
constructed belief states, as given in Eq.(3).

where
_ n K L(b||br B = {b,|b" € C;}. 7
KL(B) = 2=t L) 3 thilty € &)
n The approximate value iteration algorithm uses the fol-
|S| b lowing rule to compute a-step lookahead value function
KL(b|5) =Y b:(j)In (b:((;))> ) 4) ;/; from a(t—1)-step lookahead value functidfi —!, given
j=1 g
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where RC* and TC are the approximate reward and
transition functions in the corresponding partitioned low-
dimensional space.

4.1 Computing the Reward Function

The reward functiorR(s;, a) denotes an immediate re-
ward if taking an actior: at states;. Naturally, an imme-
diate reward after taking an actianat belief stateh or b

computed as

S|
plzlsi) =Y plails)p(zlai, s1) (12)
i=1

with p(a;|s;) = m andp(z|a;, s;) is the given ob-

servation probability. FobC™ (s;) in Eq.(11), it denotes the
expected belief and can be computed as

IS|

bk (s1) = D> T(s;,a, 51)b5* ()

j=1

(13)

It is updated only by executing an action instead of using
both action and observation.

should be the expected value over the all true states. See Generally speaking, constraining the transitions within

following equation:

El
R%(bj,a) =Y R(si,a)b;(s:) ©)
=1
Note that in some problems, there is another form of re-
ward functionR(s;, a, s;) which means the immediate re-
ward is also relative to the state to be reached. Also, we ca
get the expecte®(s;, a) from R(s;, a, s;),

S|
R(si,a) = Z R(si,a,s5)T(si,a,s;)

j=1

(10)

4.2 Computing the Transition Function

Computing the transition function of the projected be-
lief states is a bit more complicated. One should first recur
to the transition trajectory of the high-dimensional space
based on the Bayes rules.

the high-dimensional and low-dimensional space to accom-

plish the beliefs’ evolvement, projection, reconstruction and

matching, as described in [8]. For our proposed method, we

only consider pairs of low-dimensional beliefs in the same
cluster, regardless of the possible transitions between clus
ters. Thus, we get the transition functi (b7*, a, b*)
as the sum op(z, j|i, a) over all observations, i.e,,

S|

p(2,jli,a) = w®FF V)Y " pl]s)bT* (s1)
=1

(11)

wherebC is the low-dimensional belief projected from a
high-dimensional belief“* of a clusterC;,, which is up-

n

It is a process in and out of

clusters will bring some reward information loss and
weaken the policy quality accordingly. However, the spatio-
temporal clustering we adopted is essentially geared to re-
duce the loss to a certain extent since it is based on the con-
jecture that belief state visited within a short period will
try to be clustered as far as possible based on the spatio-
temporal notion. In other words, good clustering results
should benefit not only dimension reduction, but also the
accuracy of the subsequently computed policy.

4.3 Value Function Computation and Policy Ap-
plication

The final step is to compute the value function for each
cluster to get the policy tables corresponding to the clusters
using the reward and transition functions computed accord-
ing to the previous two subsections. Based on Eq.( 8), the
conventional MDP value iteration algorithm can be used,
which will stop when the value at time step- 1 is mathe-
matically close to the value at time step

To apply the policy in a multi-agent setting, the com-
puted policy tables will be distributed to different agents
and a coordinating agent is needed with the role of select-
ing which agents to forward a new observation to based on
comparing the corresponding high-dimensional belief state
with the sampled beliefs. Our implementation selects the
nearest one which is indexed with the corresponding agent
for taking the next step action based on the agent'’s policy
table.

5 Experimental Results

dated after executing an action and receiving an observa-

tion from the high-dimensional reconstruction?&?’“ us-
ing bCr = UbTF, w(dS* V) = 1 as we usek-
nearest-neighbor for approximate discretization on the low-

dimensional belief space. Alsp(z|s;) in Eq.(11) can be

5.1 The Hallway2 Problem

The Hallway2 Problem which is defined with a specific
maze is commonly used to test the scalability of algorithms



for solving POMDP problems (see also [1]). The prob- Original  Proposed| Comp.
lem is to find the goals in the maze with 92 states (4 be- # ltems || EPCA Method|| Cost (sec.)
ing the goal states), and contains 5 actions and 17 types Clusterl 96 || 1.3997 0.0024 || 1.84

of observations. Reaching one of the goal states will yield Cluster2 16 || 0.4998 0.0004 || 0.34

a +1 reward and then the next state will be set to a ran- Cluster3 36 || 0.1893 0.0003|| 0.49

dom non-goal state. In addition, it is assumed that all Clusterd 352 || 4.2596 0.4938|| 69.27

the non-goal states of the problem are equally likely to be

the initial state location and thus the starting belief state is

b = (&, %,0.0,0.0,0.0,0.0, &, ..., £)7. Also, the Table 1. Performance comparison between
discount factor used is 0.95. In this paper, all the experi- the conventional EPCA for belief compres-

mental results reported are based on this problem setting. ~ Sion and the proposed method, where the
number of clusters is 4, the reduced dimen-

. . sionis3and X =3.
5.2 Belief State Sampling

The process of belief compression is operated on a belief
state sample generated via simulation. During the simula-

tion for sample generation, two levels of random numbers Ll (KLy(A\1,Cp) — KLy, (M 1,Cy))
are used to select an action, and the Bayes rules are used tB(\, 1, P) = 1/Px) KLuLLCy)
evolve the belief states. When one random number is found p=1 P (14)

to be less than the threshold defined as 0.5, another random

number will be generated to decide the next action. Oth- \t/vhere gLU(_)"_Z’ C|th)) Igta;ndtstfor_thterpéIZL-ldlv?rgen((:jetr?e-
erwise, it will sum up all the beliefs generated so far and ween the original beliet states In cluster and the

take the state with the maximal sum of probabilities as the cor_re.sponding reconstructed belief states based onlonly
current state. Then, an MDP solver will be called to get the (original EPCA), andK Ly} (A, 1, Cp) stands for the KL-

corresponding policy table to choose the next action for its divergence between the original belief states ingttieclus-
‘current state’. ter and the corresponding reconstructed belief states based

Note that the sampled belief states in consecutive time " Up (vesulted from applying EPCA to the cluster).

steps often own the similar shape with the same numberbI Vget ssllectta;t)ﬁramiter setting (3,3,4) V\liitfh> 0.95. Ta_- th
of modes [6]. Obviously, these “structural” similar belief € - labuiales the performance measures for comparing the

states could have them represented at a much lower dimen-KL divergence under this parameter setting. Figure 1 shows

sion. That's why the belief space is often considered to bethe comparison (.Jf the average KL—Q|verg§ance over all sam-
sparse. pled beliefs at different reduced dimensions using EPCA.

Obviously, our proposed method achieves more accurate re-
) ) construction than that of using conventional EPCA. In addi-
5.3 Performance of Belief State Clustering tion, as reported in the last column of Table 1, our proposed
method took 71.94 seconds while the conventional EPCA

The first experiment focuses on evaluating the effective- took 153.08 seconds.
ness of the proposed spatio-temporal clustering scheme for
overall dimension reduction. We enumerated a set of dif- 5.4 Policy Quality with Spatio-Temporal Cluster-
ferent values for the trade-off parameteras well as the ing Introduced
number of the cluster® and evaluated the corresponding
dimension reduction performance. For performance mea- In terms of those parameter settings [, P) with sig-
surement, we contrasted the values of the KL-divergencenificant intrinsic KL-Divergence reduction, we compute the
between the set of original belief states and the ones reconpolicy for each cluster and test the policy. The comparison
structed based on the conventional belief state compressiomf policy performance occurs between the computing policy
(i.e., without clustering) and the one we proposed in this pa- via dimension reduction directly and computing policies via
per with belief state clustering. We only care those param- spatio-temporal clustering using different numbers of bases.
eter settingsX, [, P) on which the averaged KL divergence For each parameter setting, we execute 1000 trials. Each
of each cluster is less than that using the conventional be-rial is a trajectory with maximal 251 steps before any one
lief compression. It is noted that a number of settings can of the objective states is reached. The trajectory is evolved
result in better overall dimension reduction. Among those by executing the computed policies. Our experimental re-
settings, we set a filter and highlight those with high reduc- sults show that nearly half of these parameter settings result
tion. The filtering is based on a rat®, defined as in the policy quality enhancement, and some of them help
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Figure 1. Average KL Divergence for conven- Figure 2. A comparison of policy performance

tional EPCA. using different schemes for average reward
over 1000 trials with different parameter set-
ting which is labelled as (), 1, P).

increase the average reward greatly.

According to Figure 2, we can see obvious performance
enhancement over the conventional belief compression. Fo
the Hallway2 problem with 500 sampling beliefs, it also ing
shows that using four clusters is a generally better strategy. While the criterion function used in this paper has shown

Table 2 lists out the detailed parameter settings selecteol0 be effective empirically, it is by no means an optimal
for performance comparsion. Generally speaking, those S(at_choice In addition, we s,tiII lack automatic mechanisms
tings with relatively highe?(\, [, P) ratio induces a better . y

L . ; other than exhaustive search) for setting the parameters to
average reward, which is consistent to our conjecture that a( ) 9 P

clustering with a better dimension reduction power should govern the clustering. We believe that this is an immediate
gV : X : 1on p and important research direction to be pursued in the future.
also result in a policy of higher quality. It is also noted that

it is hard to set a threshold of getting a good set ahd
P as the value of the rati®(, [, P) for resulting in better

policy varles qg|te alot given different setband P. In this paper, we distribute each sub-POMDP to a prob-

As being discussed before, the performance enhancejem solving agent. The agents are basically independent to
ment is induced by the much more accurate l0W- gqc other, except to be coordinated by the brokering agent.
dimensional representation, though some rewards amongyg the decomposition based on the proposed belief state
clusters are lost inevitablely. Our experimental results are cjystering may not result in a set of sub-POMDP problems
consistent with what we have discussed in the previous secyyhich are equivalent to the original POMDP problems, in-
tion and show that the reward loss do not affect much the o4 ction between those agents for achieving the overall op-
overall performance given good spatio-temporal clustering tjma| policy is an important research issue. Nash Equilib-
results. rium is an important concept commonly used in multi-agent
learning [5] for solving decentralized MDP [2] and POMDP
problems [9]. Our research agenda also includes how to
apply this paradigm to the our decomposition scheme for
further performance boosting. The basic idea is that every

This paper mainly demonstrates the possibility of clus- agent would conjecture other agents’ behaviors and give the
tering the belief states in a spatio-temporal manner for best response to other agents from its local view. A Nash
achieving further belief state compression and good policy equilibrium usually would not deduce the optimal policy.
performance. We are currently working on several exten- However, it should be able to guarantee a not-too-bad sub-
sions of this work as depicted as follows. optimal one.

b1 _Towards Optimal Spatio-Temporal Cluster-

6.2 The Multi-Agent Consideration

6 Discussion and Future Works
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Table 2. Performance comparision for differ-

ent parameter settings.
(3]

What being described so far assumes that the whole [6]
model of the decision process is known. That is, we have
the perfect knowledge about the reward function, transition
function and observation function. Solving the correspond-
ing POMDP problems is an off-line process. Itis also inter-
ested to see how the multi-agent approach can be extend to (8]
support online learning (e.g., Q-learning [12]) for POMDP
under partial observation scenarios.

[9]
7 Conclusion

(10]

This paper extends the recently proposed belief compres-
sion by introducing a spatio-temporal belief state clustering
for addressing large-scale POMDP problems. It was found
that the proposed spatio-temporal method can further com-[11]
press the belief states in each cluster to a much lower di-
mension while maintaining similar belief state reconstruc-
tion accuracy and thus a better policy. Also, each cluster of 12]
belief states can naturely been distributed to different agents
for collaborative problem solving. Future research direc-
tions include at least further enhancement in automatic de-
termination of clustering parameters, hierarchical clustering
of the belief states and the integration of the proposed belief
state clustering and the multi-agent paradigm as a unified
solution for solving large-scale POMDP problems.
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