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Representative sampling, which extracts a small subset of representative instances from massive, high-

dimensional vector data, is useful for many applications, such as visualization, model prototyping, and data

exploration. Existing methods often suffer from either over-representing dense regions while neglecting sparse
ones or failing to capture fine-grained data distributions. To address these challenges, we study representative

sampling with two objectives: global coverage and local fidelity. Specifically, given a dataset 𝐷 and a sampling

ratio 𝜌 ∈ (0, 1], we seek a subset 𝑆 ⊆ 𝐷 with |𝑆 | = 𝜌 |𝐷 | that minimizes the local-fidelity cost subject to a

global-coverage constraint. Here, the global coverage of 𝑆 measures the average distance from data points to

their nearest samples in 𝑆 . We define local fidelity by comparing local intrinsic dimensionality (LID) estimates

computed on 𝑆 and on the full dataset 𝐷 at a matched evaluation scale, which measures how well fine-grained

local distributions are preserved. Unfortunately, efficiently computing an optimal solution is challenging; we

prove that the representative sampling problem is NP-hard.

To address this challenge, we first propose LASS-Lite, a heuristic that improves global coverage by selecting

widely separated initial samples across diverse LID levels and then enhances local fidelity by adding their

nearby neighbors. Since LASS-Lite selects neighbors for each sample independently, we further propose

LASS-NA, which employs a more effective joint selection strategy by prioritizing points that can serve as

shared neighbors for multiple samples. This approach better utilizes the sampling budget to improve overall

local fidelity. We formulate this strategy as a submodular maximization problem, yielding an efficient greedy

algorithm with a provable (1 − 1/𝑒)-approximation guarantee. To validate the effectiveness of our methods,

we conduct extensive experiments on four large-scale, real-world vector datasets. In terms of local fidelity,

our algorithms use only 5.0% of the data and reduce the local fidelity cost by 58.6%–62.7% compared to three

state-of-the-art competitors at similar levels of global coverage. In addition, we demonstrate the practical

utility of our representative sampling in data visualization, self-supervised model prototyping, graph-based

approximate nearest neighbor search (ANNS) and label-efficient model selection. Our source code is available

at https://github.com/i11ume/LASS.

CCS Concepts: • Information systems → Data management systems; Nearest-neighbor search; •
Theory of computation→ Sketching and sampling; Approximation algorithms analysis.
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1 Introduction
Data sampling is a fundamental andwidely used technique inmodern data analysis. From interactive

visualization and exploratory querying [1, 19] to fast prototyping of machine learning models [27,

42, 46, 56], many applications rely on creating a small but representative subset of a large dataset

for efficient analysis, rapid experimentation, and better understanding of the underlying data

patterns. Such a subset should be compact enough for efficient computation while still preserving

the key characteristics of the original data distributions. Many types of unstructured data can be

transformed into high-dimensional vector representations in modern AI applications. For example,

in machine learning model development, data sampling is crucial not only for managing the scale

of training data [8, 36, 57], but also for providing high-quality, small-scale data for cost-effective

prototyping before deploying expensive jobs. Similarly, in billion-scale vector retrieval systems that

support applications such as Retrieval-Augmented Generation (RAG) [55, 62, 63], data sampling

over high-dimensional vectors is commonly employed to enhance search efficiency [22, 53]. These

systems leverage a small set of representative samples to construct in-memory “navigators”, which

provide efficient entry points into themassive on-disk index [23, 38, 53]. Given its broad applicability,

determining how to effectively select a representative subset from large-scale datasets has become

a fundamental research problem.

Existing sampling approaches for vector data can be broadly categorized into three types: random

sampling, cluster-based sampling, and difference-based sampling. As illustrated in Figure 1(a)–(c),

these three approaches yield different sampling outcomes, but none of them adequately represent

the entire dataset. Random sampling [9] (red points), governed by data density, heavily over-samples

the dense regions while neglecting the sparse ones, resulting in poor global coverage. Cluster-based

sampling [4, 37] (green points) enhances global coverage by ensuring that samples are drawn

from each clustered region. However, it fails to capture the fine-grained data distribution within

an individual cluster (e.g., the highlighted yellow region), as it treats all data points in a cluster

uniformly and randomly selects a number of samples proportional to the cluster’s size. Difference-

based sampling [31, 60] (orange points) seeks to select samples that are maximally distant from one

another. While this approach facilitates sample diversity and global coverage, it overemphasizes

isolated or outlier points, making it difficult to capture the true distribution of dense regions (e.g.,

the yellow region).

Given these limitations, existing methods tend to emphasize data density, coverage, or diversity,

but often overlook the subtle variability among nearby points, leading to inadequate preservation

of local data distributions. We argue that an effective sample set should jointly meet the following

conditions: (i) Global Coverage: every region of the data space should be sufficiently represented

to comprehensively capture the overall data distribution; and (ii) Local Fidelity: within densely

populated regions, the selected samples should capture the inherent variability among neighboring

points to faithfully preserve the local distribution of the original dataset.
1

In this paper, our goal is to construct a sample set S that achieves both comprehensive global

coverage and high local fidelity. To this end, we first introduce two quantitative metrics that

1
The intuition is general: coverage determines how well the samples span the entire space, while fidelity measures how

faithfully the local distribution is preserved.
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Fig. 1. A comparison of sampling methods.

respectively measure the degree of global coverage and local fidelity, laying the foundation for

our sampling framework. The degree of global coverage is quantified using the classic facility-

location cost function [7, 17, 30, 33], Costcov (S, 𝐷)2, which measures the average distance from

each data point to its nearest representative. Minimizing this cost ensures that no region of the

data is overlooked. The degree of local fidelity is quantified by a novel scale-aligned loss function,

Cost
𝜙

LID
(S, 𝐷) ∈ [0, 1], whose minimization encourages the sampled subset to reflect the local data

distributions of the original dataset. The main challenge in defining such a metric lies in ensuring a

fair comparison between the distribution of a sparse sample and that of the dense full dataset. We

address this by introducing a unified reference radius 𝑅𝐷 (𝑠) for each sample 𝑠 , enabling evaluation

at a consistent local scale. Within this shared scale, we employ Local Intrinsic Dimensionality

(LID) [2, 20] as a robust indicator of local distributional complexity. LID characterizes the growth

rate of distances to a point’s 𝑘 nearest neighbors, thereby capturing how densely data are distributed

around that point. The local fidelity cost then measures the discrepancy between the LID estimated

from the sample set and the ground-truth LID computed from the full dataset.

Given these two metrics, we formulate representative sampling as a constrained optimization

problem, aiming to find a sample set S that minimizes the local fidelity cost while satisfying a

given constraint on global coverage. However, this formulation introduces several challenges. First,
we prove that the optimization problem is NP-hard, making an exact solution computationally

intractable. Second, global coverage and local fidelity inherently trade off against each other:

spreading samples widely improves coverage but may harm the preservation of local distributions,

while concentrating samples locally enhances fidelity at the expense of global representativeness.

Third, it is nontrivial to determine which limited samples can best maintain local distributions.

Choosing points that are too close fails to capture distribution diversity, whereas choosing points

that are too far apart distorts local density.

To tackle the above challenges, we propose two near-linear time samplers, LASS-Lite and

LASS-NA, whose sampling results are illustrated in Figure 1(d). LASS-Lite employs a two-phase

framework that first improves global coverage by selecting widely separated samples from diverse

LID levels, and then enhances local fidelity by choosing samples with their nearby neighbors.

To further strengthen local fidelity, LASS-NA extends LASS-Lite by jointly considering shared

neighbors among multiple samples and selecting the point that yields the greatest cost reduction.

We also provide a theoretical guarantee for LASS-NA, framing the neighbor selection problem as a

2
Table 1 summarizes all notation.
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Table 1. Frequently used notations.

Notation Description

D, S Full dataset, {𝑥1, . . . , 𝑥𝑛 } ⊂ R𝑑
; sampled subset, S ⊂ D

𝑛, 𝑑 , 𝜌 Number of points; dimension; sampling ratio, |S | = ⌊𝑛 · 𝜌 ⌋
dist( ·, · ) Euclidean distance; dist(𝑥, S) =min𝑠∈S dist(𝑥, 𝑠 )
𝐵 (𝑥, 𝑟 ) Closed ball {𝑦 : dist(𝑥, 𝑦) ≤ 𝑟 }
𝑞 Reference point for local analysis (e.g., a query)

NN𝑖 (𝑞;D) 𝑖-th nearest neighbor of 𝑞 in D; N𝑘 (𝑞;D) is exact 𝑘-NN set

𝑘
ref

Reference neighbor count (scale alignment)

𝑅D (𝑠 ) Reference radius at 𝑠 (to the 𝑘
ref

-th NN in D)

𝑚S (𝑠 ) # of sampled neighbors of 𝑠 in 𝐵 (𝑠, 𝑅D (𝑠 ) )
L̂IDD (𝑠 ) LID of 𝑠 estimated from D at radius 𝑅D (𝑠 )
L̂IDS (𝑠 ) LID of 𝑠 estimated from S within 𝑅D (𝑠 ) (defined for𝑚S (𝑠 ) ≥ 1)
Costcov Global coverage cost (average nearest-sample distance)

Cost
𝜙

LID
Local fidelity cost (preservation of local data distribution); [0, 1]

submodular optimization, which provides a (1 − 1/𝑒) approximation guarantee for its objective of

maximizing the reduction in LID estimation error.

In summary, our contributions are as follows:

• A novel and principled metric of local fidelity. We identify the critical role of local

fidelity in representative sampling and introduce a novel scale-aligned metric to quantify it.

Furthermore, we provide a theorem showing that maximizing local fidelity exponentially

increases the probability of successful search progress in downstream neighborhood-based

algorithms (e.g., graph-based ANNS).

• A constrained optimization model for representative sampling. To the best of our

knowledge, we are the first to formalize representative sampling as a constrained optimization

problem that minimizes the local fidelity cost while satisfying a given global coverage

constraint. We also prove that this problem is NP-hard.

• Efficient samplers with theoretical guarantees. To address this challenging problem, we

propose two near-linear-time samplers, LASS-Lite and LASS-NA, with the latter offering

provable approximation guarantees.

• Extensive experimental validation. Across four million-scale benchmarks, our methods

reduce local fidelity cost (Cost
𝜙

LID
) by up to 70% over strong baselines while maintaining

comparable global coverage (Costcov). We further validate robustness and scalability up

to 100M vectors, and demonstrate practical gains in UMAP visualization, self-supervised

prototyping, seed selection in ANNS, and label-efficient model selection.

2 Preliminaries
This section formalizes representative sampling for large vector data. Given a sampling ratio 𝜌 ∈
(0, 1], our goal is to select a small subset S ⊂ D that is simultaneously (i) spatially covering and (ii)

faithful to the local data distribution. We first introduce the necessary preliminaries, then define our

two core objectives: Global Coverage and Local Fidelity. Finally, we combine these objectives

into a constrained optimization problem. Table 1 lists the core notation used throughout this section.

2.1 Foundational Metrics and Notation
Let D = {𝑥1, . . . , 𝑥𝑛} ⊂ R𝑑

be 𝑛 points in 𝑑 dimensions. We use Euclidean distance and write

dist(·, ·). The distance from a point 𝑥 to a set S is its nearest-neighbor distance:

dist(𝑥,S) =min

𝑠∈S
dist(𝑥, 𝑠).

We denote the (closed) ball of radius 𝑟 centered at 𝑥 by 𝐵(𝑥, 𝑟 ) = {𝑦 ∈ R𝑑 | dist(𝑥,𝑦) ≤ 𝑟 }.
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Sampling

Full dataset Representative sample 

Fig. 2. Illustration of sample-based LID for 𝑠, 𝑡 ∈ S, 𝑡 = NN10 (𝑠;D) at the aligned external radius 𝑅D (𝑠),
which equals the 𝑘ref -NN distance in D (here 𝑘ref = 10,𝑚S (𝑠) = 5).

𝑘-nearest neighbor structures. Given a datasetD and a query point 𝑞 ∈ R𝑑
, the task of 𝑘-nearest

neighbors (𝑘-NN) search is to identify the 𝑘 points in D closest to 𝑞. We write the 𝑖-th nearest

neighbor of 𝑞 in D as NN𝑖 (𝑞;D), and the exact 𝑘-NN set as

N𝑘 (𝑞;D) = {NN1 (𝑞;D), . . . ,NN𝑘 (𝑞;D)}.

At large scales, practical systems often use approximate procedures to query neighbors efficiently.

Local intrinsic dimensionality (LID) [2, 20]. LID characterizes the complexity of the local data

distribution around a point and is widely used to quantify the difficulty of queries and datasets.

Intuitively, the LID of a point 𝑥 ∈ D describes the rate at which the number of neighbors grows as

the radius increases; higher LID indicates a more complex local structure. To compute the LID of a

point 𝑥 , we use the maximum-likelihood estimator (MLE), a classic and widely adopted method [2].

Let 𝑘 be the number of nearest neighbors used for estimation. The LID of 𝑥 is estimated by:

L̂ID(𝑥) =
(
− 1
𝑘

𝑘∑︁
𝑖=1

ln

dist

(
𝑥,NN𝑖 (𝑥 ;D \ {𝑥})

)
dist

(
𝑥,NN𝑘 (𝑥 ;D \ {𝑥})

) )−1 ,
where ln denotes the natural logarithm.

2.2 Global Coverage and Local Fidelity
We introduce two competing objectives for evaluating the quality of the samples. First, we address

Global Coverage, which promotes a broad spatial distribution of the sample. Then, we introduce

Local Fidelity to preserve fine-grained local data distributions. This latter objective is challenging,

as it requires a formulation that explicitly accounts for the inherent density difference between the

full dataset D and the sparse sample S ⊆ D.

Global coverage. This metric quantifies how well S covers the space occupied by D. A good

sample set S ensures that every point in D is sufficiently close to at least one representative in S.
Following the classical 𝑘-median and facility-location formulation [7, 17, 30, 33, 37], we define the

coverage cost as:

Costcov (S,D) =
1

𝑛

∑︁
𝑥∈D

dist(𝑥,S).

A smaller Costcov (S,D) indicates better spatial coverage.
Local fidelity. This metric measures how well local data distributions are preserved. To formalize

local fidelity for a representative 𝑠 ∈ S, our approach is three-fold. First, to ensure a fair comparison,

we establish a common scale by defining a reference radius 𝑅D (𝑠) based on its neighbors in the

full dataset D. Second, within this fixed radius, we compute two LID estimates: a “ground-truth”

estimate using all points fromD, and a sample-based estimate using only points from S. Finally, we
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measure the stabilized relative error between these two estimates and aggregate this error across

all representatives to define our fidelity cost.

Fix a reference neighbor count 𝑘ref ≥ 3. For each representative 𝑠 ∈ S, we define its reference
radius as the distance to its 𝑘ref -th nearest neighbor in the full dataset:

𝑅D (𝑠) = dist

(
𝑠,NN𝑘

ref

(
𝑠 ;D \ {𝑠}

) )
.

At this aligned scale, we form two LID estimates. The first is the ground-truth LID at 𝑠 :

L̂IDD (𝑠) =
(
− 1

𝑘
ref

𝑘
ref∑︁

𝑖=1

ln

dist

(
𝑠,NN𝑖

(
𝑠 ;D \ {𝑠}

) )
𝑅D (𝑠)

)−1
,

and the second is the sample-based LID.

LetMS (𝑠) =
(
S ∩ 𝐵(𝑠, 𝑅D (𝑠))

)
\ {𝑠} be the set of sampled neighbors of 𝑠 within the reference

ball, and let𝑚S (𝑠) = |MS (𝑠) | be their count. Then,

L̂IDS (𝑠) =
(
− 1

𝑚S (𝑠 )

∑︁
𝑠 𝑗 ∈MS (𝑠 )

ln

dist(𝑠, 𝑠 𝑗 )
𝑅D (𝑠)

)−1
(𝑚S (𝑠) ≥ 1).

Using a common radius 𝑅D (𝑠) for both estimates is key, as it removes the difference of scale

between the sample and full dataset.

For𝑚S (𝑠) ≥1, we define the stabilized relative error as:

𝑟𝑠 (S) =
��
L̂IDS (𝑠) − L̂IDD (𝑠)

��
max{L̂IDD (𝑠), 𝜏}

,

where 𝜏 is a small positive stabilizer to prevent division by zero in regions of very low geometric

complexity (i.e., when L̂IDD (𝑠) ≈ 0). We then map this error via the concave saturating function

𝜙 (𝑢) = 𝑢/(1 + 𝑢) ∈ [0, 1). This crucial step bounds the per-point loss, preventing any single point

with a large estimation error from dominating the total cost, thus making our metric robust to

outliers. The per-point loss is:

ℓ𝑠 (S) =
{
𝜙 (𝑟𝑠 (S)), 𝑚S (𝑠) ≥ 1,

1, 𝑚S (𝑠) = 0.

This assigns themaximum loss of 1 when a representative 𝑠 is isolated (i.e., has no sampled neighbors

within its reference radius), signifying a complete failure to capture its local data distribution.

Aggregating over all representatives yields our final fidelity cost and the no-neighbor rate:

Cost
𝜙

LID
(S,D) = 1

|S |

∑︁
𝑠∈S

ℓ𝑠 (S), 𝜌0 (S) = 1

|S |

∑︁
𝑠∈S

1{𝑚S (𝑠) = 0},

where, trivially, 𝜌0 (S) ≤ Cost
𝜙

LID
(S,D) ≤ 1. To ensure consistency across different sample sets,

we anchor the stabilizer 𝜏 on a fixed evaluation set E (e.g., E =D):

𝜏 =max

{
Quantile𝑝

(
{L̂IDD (𝑥) : 𝑥 ∈ E}

)
, 𝜀

}
, where 𝑝 ∈ [0.02, 0.10] (default 0.05), 𝜀 = 10

−6.

Remark. Our theoretical analysis in Section 3 instantiates dist(·, ·) as the Euclidean distance on

R𝑑
to exploit metric properties (e.g., the triangle inequality and ball geometry). Algorithmically,

however, the definitions of Costcov and Cost
𝜙

LID
only require a dissimilarity that supports 𝑘-NN

queries, and can therefore be applied in spaces equipped with cosine or inner-product similarity. In

practice, one can either use standard reductions to Euclidean distance (e.g., ℓ2 normalization plus

angular/Euclidean distance) or treat a monotone transform of similarity (such as 1 − cos𝜃 ) as the
distance in our metrics. Since the LID estimator is based on ratios of neighbor radii, it is invariant to
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global rescaling and empirically robust to such monotone transformations. In general non-metric

or learned similarity spaces, our LID-based fidelity metric remains a useful heuristic for measuring

how well local neighborhoods are preserved, whereas the formal guarantees in Section 3.1 strictly

apply to the Euclidean instantiation.

2.3 Problem Formulation
Building on the two objectives above, we formulate representative sampling as a constrained

optimization problem. We treat local fidelity as the primary optimization target, and enforce global

coverage as a critical constraint given the inherent trade-off between these two metrics.

Problem 1 (Representative Sampling). Given a dataset D ⊂ R𝑑 with |D| = 𝑛, a sampling ratio
𝜌 ∈ (0, 1], and a maximum tolerable coverage cost 𝐶max, find a subset S ⊂ D that solves:

minimize

S⊂D
Cost

𝜙

LID
(S,D) subject to Costcov (S,D) ≤ 𝐶max, where |S| = ⌊𝑛 · 𝜌⌋ . (1)

Remark. In this problem, the goal is to find a sample S that achieves the best possible local

fidelity among all samples of a given size that satisfy a minimum standard of spatial coverage. The

parameter𝐶max serves as an intuitive coverage budget, allowing a user to specify an average distance

budget they are willing to accept. This constrained formulation is computationally challenging; we

formally establish in Theorem 2 that the problem is NP-hard. Our proposed algorithms, LASS-Lite

and LASS-NA, are therefore designed as efficient heuristics to find high-quality samples without

taking 𝐶max as an input. They are designed to efficiently trace out a superior solution frontier.

3 Motivation and Challenges
This section motivates our two objectives and discusses the key challenges in representative

sampling.

Global coverage is a fundamental objective in data sampling and has been widely used in several

data sampling methods [4, 7, 33]. Intuitively, it aims to ensure that each region of the feature

space is sufficiently represented, enabling the sampled subset to faithfully capture the overall data

distribution. In contrast, the preservation of local fidelity is often neglected in existing approaches.

However, for many downstream tasks, retaining the local data distribution among nearby data

points is essential. For example, in manifold learning algorithms such as UMAP [39], insufficient

local fidelity can fragment the learned manifold into disconnected components. Similarly, in high-

dimensional ANNS [12, 61], it may lead to a poor entry point for queries, thereby degrading search

efficiency. Therefore, preserving relative neighborhood relationships in the sample set plays a vital

role in ensuring model quality, interpretability, and search accuracy. Next, we provide a theoretical

analysis highlighting the importance of local fidelity.

3.1 Theoretical Motivation for Local Fidelity
To formalize the importance of local fidelity, we now quantitatively analyze its impact on down-

stream tasks. We instantiate our analysis in the context of graph traversal, a fundamental routine

for exploring neighborhood structures common in ANNS. Our central thesis is that preserving local

fidelity, i.e., minimizing Cost
𝜙

LID
, is equivalent to ensuring that each sample point has a sufficient

number of local sampled neighbors. As we will demonstrate, this property exponentially increases

the success probability of any downstream algorithm that relies on neighborhood exploration.

Local modeling assumptions. Fix 𝑠 ∈ S with reference radius 𝑅D (𝑠). Within 𝐵(𝑠, 𝑅D (𝑠)) we
adopt:
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(A1) Local homogeneity and isotropy.Neighbors are i.i.d. with radial CDF 𝐹 (𝑟 ) = (𝑟/𝑅D (𝑠))𝐷 (𝑠 )
and independent uniform directions on S𝑘 (𝑠 )−1, with 𝑘 (𝑠) = ⌈𝐷 (𝑠)⌉.3
(A2) Locally distribution-agnostic thinning. Conditioned on𝑚S (𝑠), the𝑚S (𝑠) sampled neigh-

bors retained by S in 𝐵(𝑠, 𝑅D (𝑠)) are i.i.d. draws from the base local model in (A1).
4

(A3) Availability. Each geometric neighbor, independently of others and of geometry, becomes an

available graph neighbor with probability at least 𝛼 ∈ (0, 1].
For beam search, we assess progress using the current best pivot 𝑠★ = argmin𝑢∈B dist(𝑢, 𝑞).

Lemma 1. Under (A1)-(A2) at 𝑠 ∈ S, let 𝐷 = 𝐷 (𝑠) and𝑚 =𝑚S (𝑠). The sample-based LID estimator
admits the representation

L̂IDS (𝑠) = 𝐷 ·
(
1

𝑚

𝑚∑︁
𝑗=1

𝑌𝑗

)−1
, 𝑌𝑗

i.i.d.∼ Exp(1),

with the following moments:

• For𝑚 > 1, E
[
L̂IDS (𝑠) | 𝐷,𝑚

]
= 𝐷 · 𝑚

𝑚−1 (bias =
𝐷

𝑚−1 ); for𝑚 = 1, the expectation is infinite.
• For𝑚 > 2, Var

(
L̂IDS (𝑠) | 𝐷,𝑚

)
= 𝐷2 𝑚2

(𝑚−1)2 (𝑚−2) ; for𝑚 = 2, the variance is infinite.

Consequently, for𝑚 ≥ 3,

MSE(𝑚) = E
[
(L̂IDS (𝑠) − 𝐷)2 | 𝐷,𝑚

]
= 𝐷2

𝑚 + 2
(𝑚 − 1) (𝑚 − 2)

is strictly decreasing in𝑚; consequently, an upper bound on E
���L̂IDD (𝑠) − L̂IDS (𝑠)��� is monotonically

non-increasing in𝑚.

Proof. By (A1)-(A2), 𝑈 𝑗 = (dist(𝑠, 𝑠 𝑗 )/𝑅D (𝑠))𝐷 ∼ Unif [0, 1], hence 𝑌𝑗 = − ln𝑈 𝑗 ∼ Exp(1) i.i.d.
Let 𝑍 =

∑𝑚
𝑗=1 𝑌𝑗 ∼ Γ(𝑚, 1). Then E[L̂IDS (𝑠)] = 𝐷 E[𝑚/𝑍 ] = 𝐷 · 𝑚/(𝑚 − 1) for 𝑚 > 1, and

Var(L̂IDS (𝑠)) = (𝐷𝑚)2Var(1/𝑍 ) = 𝐷2𝑚2/[(𝑚 − 1)2 (𝑚 − 2)] for 𝑚 > 2 (standard identities for

𝑍 ∼ Γ(𝑚, 1)). The MSE expression follows by Var + bias2, and its monotonicity in𝑚 is immediate.

Finally, by the triangle inequality, E|L̂IDD (𝑠) − L̂IDS (𝑠) | ≤ E|L̂IDD (𝑠) − 𝐷 | + E|L̂IDS (𝑠) − 𝐷 |,
where the first term depends on 𝑘ref > 2 but not on𝑚, and the second term is upper-bounded by√︁
MSE(𝑚), decreasing in𝑚 for𝑚 ≥ 3. □

Large deviations via a squared-error bound. For any 𝜖 > 0 and𝑚 ≥ 3, Markov applied to the

squared error gives

P
(��
L̂IDS (𝑠) − 𝐷

�� ≥ 𝜖 ��𝑚)
≤ MSE(𝑚)

𝜖2
=

𝐷2 (𝑚 + 2)
𝜖2 (𝑚 − 1) (𝑚 − 2) .

By the triangle inequality and a union bound, for any 𝜖 > 0,

P
(��
L̂IDS (𝑠) − L̂IDD (𝑠)

�� ≥ 𝜖 ��𝑚)
≤ P

(��
L̂IDS (𝑠) − 𝐷

�� ≥ 𝜖
2

��𝑚)
+ P

(��
L̂IDD (𝑠) − 𝐷

�� ≥ 𝜖
2

)
≤ 4MSE(𝑚)

𝜖2
+ 𝑝ref

(
𝜖
2
; 𝑘ref , 𝐷

)
,

where 𝑝ref is the tail probability of the reference estimator (made negligible by a sufficiently large

𝑘ref ).

3
Alternatively, using the ambient dimension 𝑑 for angular measures yields slightly looser but still valid bounds.

4
This does not require global uniform sampling; it only postulates that, at the aligned scale 𝑅D (𝑠 ) , the inclusion of nearby

points is independent of their local radius/direction.
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Lemma 2. LetMSE(𝑚) be as in Lemma 1, and letMSEref denote the MSE of L̂IDD (𝑠) for 𝑘ref > 2.
For 𝜏 > 0 and 𝜙 (𝑢) = 𝑢/(1 + 𝑢),

E
[
ℓ𝑠 (S) | 𝑚

]
≤ 𝜙

(√︁
MSE(𝑚) +

√
MSEref

𝜏

)
, 𝑚 ≥ 3,

and the RHS is strictly decreasing in𝑚.

Proof. Write 𝑒S = L̂IDS (𝑠) −𝐷 and 𝑒D = L̂IDD (𝑠) −𝐷 . Then |L̂IDS (𝑠) − L̂IDD (𝑠) | ≤ |𝑒S | + |𝑒D |.
Since max{L̂IDD (𝑠), 𝜏} ≥ 𝜏 ,

E[𝑟𝑠 | 𝑚] ≤
E|𝑒S | + E|𝑒D |

𝜏
≤

√︁
MSE(𝑚) +

√
MSEref

𝜏
,

where we used Cauchy-Schwarz for E|𝑒 | ≤
√
E𝑒2. 𝜙 is increasing and concave on [0,∞), hence by

Jensen,

E[ℓ𝑠 (S) | 𝑚] = E[𝜙 (𝑟𝑠 ) | 𝑚] ≤ 𝜙 (E[𝑟𝑠 | 𝑚]),
giving the claim. Monotonicity in𝑚 follows from the strict decrease of MSE(𝑚) for𝑚 ≥ 3. □

Success region. Let 𝑑𝑠 = dist(𝑠, 𝑞) and define the geometric radius

𝜏geo (𝑠, 𝑞, 𝜑) =min{2𝑑𝑠 cos𝜑, 𝑅D (𝑠)}, 𝜑 ∈ (0, 𝜋/2] .
By the law of cosines, any 𝑠′ inside the cone at 𝑠 with half-angle 𝜑 and radius < 𝜏geo (𝑠, 𝑞, 𝜑) is
strictly closer to 𝑞 than 𝑠 (boundary cases have measure zero). For the angular measure on S𝑘 (𝑠 )−1,
let 𝜇𝑘 (𝑠 ) (𝜑) denote the normalized surface area of a spherical cap of half-angle 𝜑 .

Lemma 3. Under (A1)-(A2), for𝑚 =𝑚S (𝑠) i.i.d. neighbors with uniform directions on S𝑘 (𝑠 )−1, the
probability that none falls into the cap of half-angle 𝜑 equals (1 − 𝜇𝑘 (𝑠 ) (𝜑))𝑚 and is bounded by
exp(−𝑚 𝜇𝑘 (𝑠 ) (𝜑)).

Proof. Each neighbor independently falls in the cap with probability 𝑝 = 𝜇𝑘 (𝑠 ) (𝜑), hence the
empty-cap probability is (1 − 𝑝)𝑚 ≤ 𝑒−𝑚𝑝

. □

Theorem 1. Let 𝐷 (𝑠) denote the local intrinsic dimension at 𝑠 , 𝑘 (𝑠) = ⌈𝐷 (𝑠)⌉, and 𝑑𝑠 = dist(𝑠, 𝑞).
Define

𝑝geom (𝑠, 𝑞, 𝜑) = 𝜇𝑘 (𝑠 ) (𝜑)
(
𝜏geo (𝑠, 𝑞, 𝜑)

𝑅D (𝑠)

)𝐷 (𝑠 )
.

Under (A1)-(A3), the one-layer progress probability at pivot 𝑠

𝑝prog (𝑠 ;𝑞, 𝜑) ≜ P
(
∃ available neighbor 𝑠′ : dist(𝑠′, 𝑞) < 𝑑𝑠

)
admits the lower bound

𝑝prog (𝑠 ;𝑞, 𝜑) ≥ 1 − exp
(
− 𝛼𝑚S (𝑠) 𝑝geom (𝑠, 𝑞, 𝜑)

)
.

For a beam/frontier B with best pivot 𝑠★ = argmin𝑢∈B dist(𝑢, 𝑞) and 𝑑★ = dist(𝑠★, 𝑞), the beam-wise
progress probability

𝑝prog (B;𝑞) ≜ P
(
∃ 𝑠′ from some 𝑠 ∈ B : dist(𝑠′, 𝑞) < 𝑑★

)
satisfies the conservative lower bound

𝑝prog (B;𝑞) ≥ 1 − exp
(
− 𝛼𝑚S (𝑠★) 𝑝geom (𝑠★, 𝑞, 𝜑𝑠★)

)
,

for any choice of 𝜑𝑠★ ∈ (0, 𝜋/2].
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Proof. For a fixed 𝑠 , by Lemma 3 and (A1)-(A2), a geometric neighbor falls in the success cone of

half-angle 𝜑 and radius < 𝜏geo with probability 𝑝geom (𝑠, 𝑞, 𝜑); by (A3), it is available with probability

at least 𝛼 , independently across neighbors. Thus a single trial succeeds with probability ≥ 𝛼 𝑝geom,

and the no-success probability across𝑚S (𝑠) trials is at most exp(−𝛼𝑚S (𝑠) 𝑝geom), proving the

first bound. For the beam bound, any success from 𝑠★ yields a point strictly closer than 𝑑★, hence

𝑝prog (B;𝑞) ≥ 𝑝prog (𝑠★;𝑞, 𝜑𝑠★). □

Corollary 1. Fix 𝜑 ∈ (0, 𝜋/2]. The exponent in Theorem 1 grows linearly in𝑚S (𝑠). Moreover,
by Lemma 2, E[ℓ𝑠 (S) | 𝑚] decreases strictly with 𝑚 for 𝑚 ≥ 3. Therefore, driving down Cost

𝜙

LID

systematically tends to increase local neighbor counts at the aligned scale (suppressing𝑚 ∈ {0, 1, 2}
events) and thus amplifies the layer-wise progress probability for both greedy (𝑏 = 1) and beam (𝑏 ≥ 1)
expansions, even when trajectories are non-monotone.

Note. If 𝑘 (𝑠) = ⌈𝐷 (𝑠)⌉ < 2, one may simply replace 𝑘 (𝑠) by the ambient dimension 𝑑 in 𝜇𝑘 (𝑠 ) (𝜑) to
obtain a looser but still valid bound; all conclusions above remain unchanged.

The general principle of fidelity. The preceding analysis, using graph traversal as a concrete

testbed, reveals a fundamental principle. Lemma 1 quantifies how fidelity loss is a direct symptom

of small local neighbor counts𝑚S (𝑠). This is why our Cost
𝜙

LID
assigns the maximum penalty when

a representative 𝑠 has no sampled neighbors (𝑚S (𝑠) = 0), as this signifies a complete breakdown of

local navigability. Theorem 1 then demonstrates that these small counts lead to an exponentially

higher probability of algorithmic failure (in this case, “no-progress” events) for processes that

explore local neighborhoods. Consequently, minimizing Cost
𝜙

LID
is not merely an optimization for

search. This also preserves the essential local connectivity of the data, ensuring that the sample

S remains a faithful representation of the full dataset D. While our formal analysis uses graph

traversal, the principle is broadly applicable.

3.2 Key Challenges
Solving Problem 1 efficiently faces three main challenges.

Challenge 1 (C1): Representative sampling problem is NP-hard, making exact solutions
unrealistic.We formally establish this hardness result as follows:

Theorem 2. Problem 1 (Representative Sampling) is NP-hard.

Proof. We prove NP-hardness via a polynomial-time reduction from the decision version of

the metric 𝑘-median problem, which is NP-complete [7]. The metric 𝑘-median decision problem

is defined as follows: given a dataset D of 𝑛 points, an integer 𝑘 , and a total distance budget 𝑇 ,

does there exist a subset S ⊆ D with |S| = 𝑘 such that the sum of distances from each point to its

nearest center in S is at most 𝑇 ? That is, does a subset S exist satisfying∑︁
𝑥∈D

min

𝑠∈S
dist(𝑥, 𝑠) ≤ 𝑇 ?

Given an instance of the 𝑘-median decision problem (D, 𝑘,𝑇 ), we construct an instance of Problem 1

by setting the sampling ratio and the coverage budget as:

𝜌 ← 𝑘/𝑛, 𝐶max ← 𝑇 /𝑛.

With these parameters, the sample size constraint in our problem becomes |S| = ⌊𝑛𝜌⌋ = 𝑘 , and the

coverage constraint becomes Costcov (S,D) ≤ 𝑇 /𝑛.
Assume there exists a polynomial-time algorithm (an oracle) that solves Problem 1. We can use

this oracle to decide the 𝑘-median instance. If the oracle returns a feasible solution S★, then by
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definition, S★ must satisfy the coverage constraint:

Costcov (S★,D) =
1

𝑛

∑︁
𝑥∈D

min

𝑠∈S★
dist(𝑥, 𝑠) ≤ 𝐶max.

Substituting 𝐶max =𝑇 /𝑛 and multiplying by 𝑛, we obtain
∑

𝑥∈D min𝑠∈S★ dist(𝑥, 𝑠) ≤ 𝑇 . Since the
size constraint ensures |S★ | = 𝑘 , we have found a valid solution for the 𝑘-median problem. Thus,

the answer to the decision instance is “yes”.

Conversely, if the oracle reports that the problem is infeasible, it implies that no subset S ⊆ D
of size 𝑘 satisfies the coverage constraint Costcov (S,D) ≤ 𝐶max. This is equivalent to stating that

for all subsets S of size 𝑘 ,
∑

𝑥∈D min𝑠∈S dist(𝑥, 𝑠) > 𝑇 . Therefore, no solution to the 𝑘-median

problem exists, and the answer to the decision instance is “no”.

Since we can solve the NP-complete metric 𝑘-median decision problem in polynomial time using

a hypothetical polynomial-time solver for Problem 1, we conclude that Problem 1 is NP-hard. □

Challenge 2 (C2): There is an inherent trade-off between the two competing objectives.
Global coverage and local fidelity inherently trade off against each other. Minimizing Costcov

improves global coverage by spreading samples broadly across the space and reducing the nearest-

representative distance, especially in sparse regions. However, it reduces the sampling densitywithin

complex regions, thereby harming local fidelity. Conversely, minimizing Cost
𝜙

LID
enhances local

fidelity by allocating more samples to high-LID areas to stabilize local neighborhood structures. But

it sacrifices global coverage by under-representing distant regions. Hence, improving one objective

degrades the other, requiring efficient methods that effectively balance the trade-off and perform

well on both metrics.

Challenge 3 (C3): Difficulty in selecting representative samples from local neighborhoods.
To preserve local data distribution, samples are typically drawn from neighbors within 𝐵(𝑠, 𝑅D (𝑠)).
However, when these neighbors are too close to each other, they effectively behave as a single

point, failing to capture the true local structure. Moreover, selecting only one point while ignoring

its immediate neighborhood often amplifies Cost
𝜙

LID
, as local sparsity further harms local fidelity.

Therefore, an effective sampling algorithm must intelligently select representative points from

diverse neighborhoods.

4 Methods
In this section, we present two algorithms for Problem 1: LASS-Lite and LASS-NA. LASS-Lite is
a simple baseline: it constructs a well-spread seed set C via LID-stratified 𝐷2

seeding and then

attaches a small cohort of nearby neighbors to each seed. LASS-NA, our primary algorithmic

contribution, builds on these seeds and replaces independent, per-seed neighbor attachment with

a principled, neighbor-aware submodular optimization (Problem 2), enabling an efficient greedy

algorithm with a (1 − 1/𝑒) approximation guarantee (Theorem 3). We also provide theoretical

and complexity analyses of both algorithms. Empirically, LASS-NA mainly improves local fidelity

by using the neighbor budget more effectively, while preserving global coverage comparable to

LASS-Lite (Fig. 4; Exp. 5, Table 5).

4.1 LASS-Lite: a simple and robust baseline
We propose LASS-Lite (LID-aware stratified seeding), a simple yet robust baseline. The core idea

is to first select seeds that are diverse in estimated LID over the dataset, and then attach a small

cohort of nearest neighbors to each seed to raise local counts and stabilize LID. All neighbors

can be efficiently obtained using approximate nearest neighbor search (ANNS) algorithms, since

computing exact neighbors is prohibitively expensive in high-dimensional spaces [16, 34, 38]. To
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Stage 3

Full dataset  Representative Sample 

Stage 2 (LASS-Lite)Stage 0

Stage 1

... ...

... ...Divide into  strata;

Compute  and ;

Sort by   in ascending order;

Compute per-stratum seed quotas;

;

ref

Select  seeds by  sampling;

Stage 2 (LASS-NA)

2

Select  nearest neighbor of seeds;
Lazy-greedy neighbor selection;

Fig. 3. Pipeline overview of LASS-Lite and LASS-NA. Panel labels match the stage headers in Algorithms 1-2.

keep the procedure internally consistent, we define the self-consistent scale as:

𝑅sc (𝑥) = dist

(
𝑥,NN𝑘

sol

(
𝑥 ;D\{𝑥}

) )
. (2)

This aligned internal radius is reused for reinforcement and per-point LID estimation.

LASS-Lite algorithm proceeds in four stages (Algorithm 1).

• Stage 0 (lines 1–6): Set the sample budget𝑚 = ⌊𝑛 · 𝜌⌋, internal neighbor count 𝑘sol, and
per-seed reinforcement budget 𝑡 . Cap seeds 𝑁seed = ⌊𝑚/(𝑡 + 1)⌋. For each 𝑥 ∈ D, query an

approximate 𝑘sol-NN list from 𝐺 to compute L̂ID(𝑥) and define the self-consistent radius

𝑅sc (𝑥) as in (2).

• Stage 1 (lines 7-11): Choose the number of strata 𝐿 (default 𝐿 = ⌊
√
𝑚⌋) and a bias parameter

𝛽 ≥ 0. We sort all points in D by their L̂ID values and then partition this sorted list into 𝐿

contiguous blocks of equal size to form the strata {F𝑖 }𝐿𝑖=1. Let LID𝑖 be the mean in stratum 𝑖

and set𝑤𝑖 = |F𝑖 | (LID𝑖 )𝛽 . Compute fractional quotas 𝑞′𝑖 = 𝑁seed ·𝑤𝑖/
∑𝐿

𝑗=1𝑤 𝑗 ; obtain integer

𝑞𝑖 by rounding so that

∑𝐿
𝑖=1 𝑞𝑖 = 𝑁seed.

• Stage 2 (per-stratum D2-seeding; lines 12–19): For each LID stratum F𝑖 independently,
we select 𝑞𝑖 seeds within F𝑖 by D

2
-sampling restricted to that stratum. Concretely, initialize

an empty per-stratum set C𝑖 ← ∅. If 𝑞𝑖 > 0, pick one initial seed uniformly at random from

F𝑖 and put it into C𝑖 (per-stratum warm-start). Then, while |C𝑖 | < 𝑞𝑖 , sample 𝑥 ∈ F𝑖 \ C𝑖 with
probability

Pr(𝑥 | C𝑖 ) =
dist(𝑥, C𝑖 )2∑

𝑦∈F𝑖\C𝑖 dist(𝑦, C𝑖 )2
, dist(𝑥, C𝑖 ) =min

𝑐∈C𝑖
dist(𝑥, 𝑐),

where distances are retrieved via ANNS on the proximity graph 𝐺 . After all strata finish,

we set the global seed set C ← ⋃𝐿
𝑖=1 C𝑖 . For each 𝑐 ∈ C, attach up to 𝑡 nearest neighbors

(via ANNS on 𝐺) restricted to the ball 𝐵
(
𝑐, 𝑅sc (𝑐)

)
; then deduplicate to form S. This stage

maximizes intra-stratum diversity while decoupling strata from one another.

• Stage 3 (lines 18-20): If |S| < 𝑚, repeatedly add farthest-first points 𝑥 ∈ D \ S maximizing

dist(𝑥,S) (distances retrieved via 𝐺) until |S| =𝑚.

Link to challenges. To circumvent the NP-hardness of problem 1 (C1), LASS-Lite employs a multi-

stage heuristic that decomposes the task into a sequence of scalable, near-linear time operations.

The algorithm explicitly navigates the conflict between objectives (C2) through its sequential

“coverage-first, fidelity-second” structure: it first establishes broad spatial coverage by seeding

diverse points across LID strata, and then directly improves local fidelity by reinforcing these seeds

with nearby neighbors. This final reinforcement step is crucial for addressing the instability of local

data distribution (C3). By ensuring each seed is accompanied by at least 𝑡 ≥ 3 neighbors, it pushes

the local sample count 𝑚S (𝑠) into the finite-variance regime for the LID estimator (Lemma 1),

thereby improving the local fidelity.
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Algorithm 1: LASS-Lite
Input: D, sampling ratio 𝜌 , 𝑘sol, LID weight 𝛽≥0, reinforcement 𝑡 ∈N.
Output: S with |S| =𝑚 = ⌊𝑛 · 𝜌⌋.

/* Stage 0: PG & LID on the self-consistent scale */

1 𝑚 ← ⌊𝑛 · 𝜌⌋; 𝑁seed ← ⌊𝑚/(𝑡 + 1)⌋; # strata 𝐿 ← ⌊
√
𝑚⌋;

2 Build or reuse a proximity graph 𝐺 on D (for ANNS);

3 foreach 𝑥 ∈ D do
4 obtain N ← approximate 𝑘sol-NN of 𝑥 from 𝐺 ;

5 compute L̂ID(𝑥) from N𝑘
sol
(𝑥 ;D);

6 set 𝑅sc (𝑥) by (2);

/* Stage 1: LID stratification & per-stratum seed quotas */

7 Partition D into 𝐿 equal-frequency strata {F𝑖 } by L̂ID;

8 for 𝑖 = 1 to 𝐿 do
9 LID𝑖 ← 1

| F𝑖 |
∑

𝑥∈F𝑖 L̂ID(𝑥);
10 𝑤𝑖 ← |F𝑖 | (LID𝑖 )𝛽 ;
11 Let𝑊 ← ∑𝐿

𝑗=1𝑤 𝑗 and 𝑞
′
𝑖 ← 𝑁seed · 𝑤𝑖

𝑊
for 𝑖 = 1, . . . , 𝐿; round {𝑞′𝑖 } to integers {𝑞𝑖 } by

largest-remainder so that

∑
𝑖 𝑞𝑖 = 𝑁seed;

/* Stage 2: independent D2-seeding within each stratum */

12 C ← ∅;
13 for 𝑖 = 1 to 𝐿 do
14 if 𝑞𝑖 = 0 or |F𝑖 | = 0 then continue
15 C𝑖 ← ∅;

/* per-stratum warm-start: one uniform seed if quota > 0 */

16 pick 𝑐0 ∼ Unif (F𝑖 ) and set C𝑖 ← {𝑐0};
17 while |C𝑖 | < 𝑞𝑖 do
18 compute dist(𝑥, C𝑖 ) =min𝑐∈C𝑖 dist(𝑥, 𝑐) for all 𝑥 ∈ F𝑖 \ C𝑖 via ANNS on 𝐺 ;

19 sample 𝑥 from F𝑖 \ C𝑖 with probability Pr(𝑥 | C𝑖 ) ∝ dist(𝑥, C𝑖 )2;
20 C𝑖 ← C𝑖 ∪ {𝑥};
21 C ← C ∪ C𝑖 ;
22 S ← ∅; foreach 𝑐 ∈ C do
23 add 𝑐 to S and then add up to 𝑡 nearest neighbors of 𝑐 within 𝐵(𝑐, 𝑅sc (𝑐)) (via ANNS on 𝐺);
24 Remove duplicates from S.

/* Stage 3: Budget normalization (coverage-friendly) */

25 while |S| < 𝑚 do
26 add to S the point in D \ S that is farthest from the current S;
27 return S.

4.2 LASS-NA: neighbor-aware cohort selection as budgeted concave coverage
In LASS-Lite, reinforcement neighbors are chosen independently for each seed. However, any

selected neighbor 𝑢 can be a shared neighbor, lying in multiple self-consistent balls 𝐵(𝑠, 𝑅sc (𝑠)) and
thus potentially stabilizing the LID for several seeds at once. To capitalize on this, we reformulate

the neighbor selection task. Our goal is to directly improve local fidelity by stabilizing LID estimates.

Since the Mean Squared Error (MSE) of the LID estimator decreases as the local neighbor count𝑚𝑠

grows (Lemma 1), we can frame this as a problem of maximizing the total MSE reduction across all

seeds. We formalize this as a budgeted selection problem.
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Algorithm 2: LASS-NA
Input: D, 𝜌 , 𝑘sol, 𝐿, 𝛽 , candidate cap ℓ .

Output: S with |S| =𝑚 = ⌊𝑛 · 𝜌⌋.
/* Stage 2: Seeds */

1 Run Algorithm 1 through Stage 2 to get C; 𝑚 ← ⌊𝑛 · 𝜌⌋; 𝐵 ←𝑚 − |C|;
2 foreach 𝑠 ∈ C do
3 build B(𝑠) = {𝑢 ∈ D\{𝑠} : dist(𝑢, 𝑠) ≤ 𝑅sc (𝑠)};
4 keep the ℓ closest elements in B(𝑠); set𝑚𝑠 ← 0;

5 U ← ⋃
𝑠 B(𝑠); S ← C;

/* Lazy-greedy on 𝐹 */

6 Initialize a max-heap keyed by an upper bound on Score(𝑢)=∑
𝑠 :𝑢∈B(𝑠 ) Δ𝑔𝑠 (𝑚𝑠 );

7 for 𝑏 = 1 to 𝐵 do
8 extract 𝑢 with the largest key;

9 recompute its exact Score(𝑢);
10 if it is still best then
11 add 𝑢 to S;
12 for all 𝑠 with 𝑢 ∈ B(𝑠) set𝑚𝑠←𝑚𝑠+1;
13 delete 𝑢 fromU;

14 else
15 push 𝑢 back with the refined key;

/* Stage 3: Budget normalization */

16 while |S| < 𝑚 do
17 add to S the farthest point from S in D \ S;
18 return S.

Problem 2 (Neighbor-Aware Cohort Selection). Given the seed set C (from Algorithm 1 up
to Stage 2), a residual cardinality budget 𝐵 =𝑚 − |C|, and the per-seed candidate sets

B(𝑠) =
(
D ∩ 𝐵(𝑠, 𝑅sc (𝑠))

)
\ {𝑠}, U =

⋃
𝑠∈C
B(𝑠),

select A ⊆ U with |A| ≤ 𝐵 to maximize

𝐹 (A) =
∑︁
𝑠∈C

𝑔𝑠
(
𝑚𝑠 (A)

)
, 𝑚𝑠 (A) = |A ∩ B(𝑠) |, (3)

where 𝑔𝑠 is a nondecreasing, concave surrogate for the reduction in the LID-estimation MSE at seed 𝑠 .

We instantiate 𝑔𝑠 from Lemma 1. For𝑚 ≥ 3,

MSE𝑠 (𝑚) =
𝐷 (𝑠)2 (𝑚 + 2)
(𝑚 − 1) (𝑚 − 2) , 𝐷 (𝑠) ≈ L̂ID(𝑠), (4)

Δ𝑔𝑠 (𝑚) =MSE𝑠 (𝑚) −MSE𝑠 (𝑚+1) =
𝐷 (𝑠)2 (𝑚 + 6)

𝑚 (𝑚 − 1) (𝑚 − 2) . (5)

For𝑚 < 3, define a concave extension by setting the discrete slopes Δ𝑔𝑠 (0) = Δ𝑔𝑠 (1) = Δ𝑔𝑠 (2) =
𝛾𝑠 Δ𝑔𝑠 (3) with a fixed 𝛾𝑠 ≥1 (default 𝛾𝑠 = 2), and then 𝑔𝑠 (𝑚) =

∑𝑚−1
𝑟=0 Δ𝑔𝑠 (𝑟 ). This guarantees that

Δ𝑔𝑠 (𝑚) is nonincreasing in𝑚 on Z≥0, hence 𝑔𝑠 is nondecreasing and concave on Z≥0.
LASS-NA algorithm augments LASS-Lite by jointly selecting reinforcement neighbors that benefit

multiple seeds. With budget 𝐵 =𝑚 − |C|, it maximizes 𝐹 (A) in Problem 2 via a lazy-greedy.
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• Stage 2 (lines 1–5): Seed reuse and candidate construction. Reuse the seed set C from

Algorithm 1 (up to Stage 2). For each 𝑠 ∈ C, form B(𝑠) = (D ∩𝐵(𝑠, 𝑅sc (𝑠))) \ {𝑠} using ANNS
on 𝐺 ; cap each B(𝑠) to its ℓ nearest elements. Initialize𝑚𝑠 ← 0 and setU ← ⋃

𝑠∈C B(𝑠).
• (lines 6–15): Lazy-greedy neighbor selection.Maintain a max-heap keyed by an upper

bound on Score(𝑢) = ∑
𝑠 :𝑢∈B(𝑠 ) Δ𝑔𝑠 (𝑚𝑠 ), where Δ𝑔𝑠 is given in (5). For 𝑏 = 1, . . . , 𝐵: pop the

top 𝑢, recompute its exact Score(𝑢); if it remains best, accept 𝑢 into S and update all affected

counts𝑚𝑠 ← 𝑚𝑠 + 1; otherwise push 𝑢 back with the refined key. Stop early if the heap

becomes empty.

LASS-NA reformulates the task as a monotone submodular maximization problem (Problem 2).

This shift not only makes the problem tractable via a near-linear time lazy-greedy algorithm but

also provides a strong (1− 1/𝑒) approximation guarantee (Theorem 3). Compared to LASS-Lite, the

neighbor-aware selection improves local neighborhood stability (C3). The property of diminishing

returns means the marginal gain, Δ𝑔𝑠 , is largest for seeds with the fewest neighbors, compelling

the algorithm to automatically allocate its budget toward repairing the most sparse or fragile local

data distribution structures, thus preventing fidelity loss.

4.3 Algorithmic Analysis
We now analyze the theoretical guarantees, computational complexity, and practical parameteriza-

tion of our proposed algorithms, connecting their design to the statistical motivations established

in Section 3.

Theoretical guarantees for LASS-NA. The neighbor-aware selection stage of LASS-NA (Stage

2) is designed around a key insight: the problem of selecting neighbors to maximize the stability

of LID estimates can be framed as maximizing a monotone submodular function. This structure

allows us to provide a strong approximation guarantee. We prove these properties below.

Lemma 4. For𝑚 ≥ 3,MSE𝑠 (𝑚) in (4) is strictly decreasing in𝑚, and

Δ𝑔𝑠 (𝑚) =MSE𝑠 (𝑚) −MSE𝑠 (𝑚+1) =
𝐷 (𝑠)2 (𝑚 + 6)

𝑚 (𝑚 − 1) (𝑚 − 2)
is strictly positive and decreasing in𝑚. Hence 𝑔𝑠 (𝑚) =

∑𝑚−1
𝑟=0 Δ𝑔𝑠 (𝑟 ) is nondecreasing and concave on

Z≥0.

Proof. A direct calculation shows MSE𝑠 (𝑚+1) −MSE𝑠 (𝑚) = −Δ𝑔𝑠 (𝑚) < 0 for𝑚 ≥ 3, so MSE𝑠

decreases. For𝑚 ≥ 3, Δ𝑔𝑠 (𝑚) > 0 and Δ𝑔𝑠 (𝑚+1) − Δ𝑔𝑠 (𝑚) < 0 (monotone decrease in𝑚), hence

discrete concavity of 𝑔𝑠 . □

Lemma 5. Let 𝐹 be given by (3) with each 𝑔𝑠 nondecreasing and concave. Then 𝐹 : 2
U→R≥0 is

nondecreasing and submodular.

Proof. For A ⊆ U and 𝑢 ∈ U, the marginal gain is

Δ𝐹 (A;𝑢) = 𝐹 (A ∪ {𝑢}) − 𝐹 (A) =
∑︁

𝑠 :𝑢∈B(𝑠 )

[
𝑔𝑠 (𝑚𝑠 (A)+1) − 𝑔𝑠 (𝑚𝑠 (A))

]
.

Since 𝑔𝑠 is nondecreasing, each term is ≥ 0 and thus Δ𝐹 (A;𝑢) ≥ 0 (monotonicity). If A ⊆ B
and 𝑢 ∉ B then 𝑚𝑠 (A) ≤ 𝑚𝑠 (B) for all 𝑠 , and discrete concavity implies 𝑔𝑠 (𝑚+1) − 𝑔𝑠 (𝑚) is
nonincreasing in𝑚, so Δ𝐹 (A;𝑢) ≥ Δ𝐹 (B;𝑢) (diminishing returns), proving submodularity. □

Theorem 3. Let 𝐵 be the budget and let Agr be the size-𝐵 output of (lazy-)greedy in Algorithm 2.
Then

𝐹 (Agr) ≥
(
1 − 1/𝑒

)
max

|A |≤𝐵
𝐹 (A).
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Proof. By Lemma 5, 𝐹 is monotone submodular. Let A★
be an optimal solution of size at most

𝐵, and let A𝑖 denote the greedy set after 𝑖 elements (A0 = ∅). For any set S and element 𝑢, write

Δ𝐹 (S;𝑢) for the marginal gain. Submodularity and monotonicity yield the fundamental inequality:

𝐹 (A★) − 𝐹 (A𝑖−1) ≤
∑︁

𝑢∈A★\A𝑖−1

Δ𝐹 (A𝑖−1;𝑢) ≤ 𝐵 · max

𝑢∈U\A𝑖−1
Δ𝐹 (A𝑖−1;𝑢).

(6)

The last maximum is attained by the greedy choice 𝑢𝑖 , hence

𝐹 (A𝑖 ) − 𝐹 (A𝑖−1) = Δ𝐹 (A𝑖−1;𝑢𝑖 ) ≥
1

𝐵

(
𝐹 (A★) − 𝐹 (A𝑖−1)

)
.

Rearranging gives a one-step contraction:

𝐹 (A★) − 𝐹 (A𝑖 ) ≤
(
1 − 1

𝐵

) (
𝐹 (A★) − 𝐹 (A𝑖−1)

)
.

Unrolling for 𝑖 = 1, . . . , 𝐵,

𝐹 (A★) − 𝐹 (A𝐵) ≤
(
1 − 1

𝐵

)𝐵
𝐹 (A★) ≤ 𝑒−1 𝐹 (A★),

which implies 𝐹 (A𝐵) ≥ (1 − 1/𝑒)𝐹 (A★).
The lazy implementation preserves the selected sequence of elements, thus achieves the same

guarantee. □

This guarantee ensures that LASS-NA’s neighbor selection stage is provably effective at stabilizing

local data distributions. By maximizing a proxy for MSE reduction, the algorithm directly addresses

the fidelity objective andmitigates the local sparsity issues discussed in Section 3, thereby improving

fidelity over LASS-Lite, especially when budgets are tight.

Connecting theory to practice: parameter rationale. Our theoretical analysis directly informs

the choice of default hyperparameters, designed to be effective without dataset-specific tuning. The

key parameters, the reinforcement budget (𝑡 or 𝐵) and the LID-stratification bias (𝛽), are motivated

by our fidelity objective. For LASS-Lite, we set a conservative local reinforcement budget of 𝑡 = 3.

This choice is not arbitrary; it is the minimum required to push the local neighbor count𝑚𝑠 into the

finite-variance regime of the LID estimator (𝑚𝑠 ≥ 3, per Lemma 1), thus ensuring a basic level of

stability of local data with minimal impact on the number of initial seeds. For the LID-stratification

bias, we set 𝛽 = 1. A positive 𝛽 intentionally allocates more seeds to strata with higher average

LID, prioritizing the preservation of regions with complex local data distributions. A simple linear

weighting (𝛽 = 1) provides a natural and robust baseline for this bias. These principled defaults

ensure that our methods robustly navigate the coverage-fidelity trade-off based on the properties

of the local data distribution established in Section 3.

Computational complexity. We analyze the complexity of the sampling process itself, assuming

a reusable vector index 𝐺 (e.g., HNSW) is available or has been pre-computed. The cost of building

this index is a one-time, upfront expense that we exclude from this analysis. Let 𝑐dist (𝑑) be the
cost of a distance computation (𝑂 (𝑑)) and 𝑇query (𝑘 ;𝑑, 𝑛) be the cost of an ANNS query, which is

typically polylogarithmic in 𝑛.

LASS-Lite. Stage 0 computes L̂ID and 𝑅sc by performing 𝑛 approximate nearest neighbor queries,

leading to a total cost of 𝑂 (𝑛 ·𝑇query (𝑘sol;𝑑, 𝑛)). Stratification and quota rounding are dimension-

independent, costing a negligible 𝑂 (𝑛). The subsequent 𝐷2
-seeding over 𝐿 strata involves repeated

distance calculations, costing 𝑂̃ (𝑑 · 𝑁seed · 𝑛/𝐿), while reinforcement adds 𝑂 (𝑁seed ·𝑇query (𝑡 ;𝑑, 𝑛))
for the local ANNS calls. Finally, the coverage top-up using a max-heap costs 𝑂 ((𝑛 −𝑚) log𝑛)
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Table 2. Datasets summary.

Dataset Base Size (𝑛) Query Size Dim. (𝑑) LID Mean, Range

SIFT1M [3] 1,000,000 10,000 128 8.28, [1.31, 19.16]

GIST [3] 1,000,000 1,000 960 15.56, [1.16, 33.23]

MSONG [6] 992,272 200 420 7.97, [1.29, 79.02]

GLOVE [44] 1,183,514 10,000 100 16.28, [3.64, 45.49]

SIFT100M [3] 100,000,000 10,000 128 8.61, [2.05, 16.80]

for heap management, with an additional dimension-dependent cost for updating nearest-sample

distances. The overall complexity is dominated by the initial query and seeding phases.

𝑇Lite = 𝑂̃
(
𝑛 ·𝑇query (𝑘sol;𝑑, 𝑛) + 𝑑 · 𝑛 · 𝑁seed/𝐿

)
.

LASS-NA. This method’s complexity is also dominated by its initial data-processing stages. The

cost of generating seeds, 𝑇seed, is equivalent to that of LASS-Lite through Stage 2. Building the

candidate pools for the |C| seeds requires an additional radius or ANNS search per seed to find

up to ℓ neighbors, adding a cost of 𝑂 ( |C| · 𝑇query (ℓ ;𝑑, 𝑛)). The subsequent lazy-greedy selection

performs 𝐵 extractions with a cost of𝑂 ( |C|ℓ +𝐵 log( |C|ℓ)), which is independent of the dimension

𝑑 as it operates on the pre-computed candidate sets. The total complexity is therefore the sum of

these dimension-dependent data retrieval costs and the dimension-agnostic optimization cost.

𝑇NA =𝑇seed +𝑂
(
|C| ·𝑇query (ℓ ;𝑑, 𝑛) + 𝐵 log( |C|ℓ)).

Memory overhead is𝑂 (𝑛) for per-point scalars plus𝑂 ( |C|ℓ) for the candidate pools. In practice, as

constants 𝑡, ℓ, 𝑘sol and sample𝑚 are much smaller than 𝑛, algorithms remain near-linear in 𝑛.

5 Experiments
All experiments were conducted on a single server equipped with an Intel Xeon Gold 6330 (2.0 GHz)

CPU, NVIDIA GeForce RTX 4090 GPU and 1 TB RAM.

Datasets. We evaluate four public million-scale datasets; basic statistics are summarized in Table 2.

Our experiments span both large-scale vector benchmarks and downstream application workloads,

and thus involve different datasets. Specifically, Exp. 1, Exp. 4, and Exp. 5 evaluate objective-side

performance and system-level impact on the four million-scale datasets; Exp. 2–3 focus on GLOVE,

whose semantic clusters are visually interpretable while its LID distribution is relatively challenging.

Exp. 6 evaluates end-to-end scalability on SIFT100M, and Exp. 7 uses CIFAR-10 embeddings to

study label-efficient model selection.

Compared methods.We implement all methods in Python.

• Random [9, 51]: A simple and widely used baseline that uniformly samples𝑚 = ⌊𝑛 · 𝜌⌋ points
from the dataset.

• KMeans++ [4]: A classic method for generating spatially diverse points. We include it to

establish a strong baseline optimized purely for coverage. It selects the centroids of𝑚 clusters

using the FAISS [11, 24] KMeans++ implementation and then snaps each centroid to its nearest

data point. While theoretically strong for coverage, its high complexity of 𝑂 (𝑛𝑚𝑑 · niter) makes

it computationally expensive for large sample sizes.

• KMeans: A lightweight variant of KMeans++. This method first partitions the dataset into

𝑘 = ⌊
√
𝑚⌋ clusters, then samples points from each cluster, with the number of points proportional

to the cluster size. For KMeans-based methods, we set niter = 20.

• FL-Greedy [26, 60]: A state-of-the-art greedy approach from the submodular optimization

literature [45], widely used for data summarization. It models subset selection as a facility location

problem, supporting global coverage. Our implementation operates on a sparse similarity graph

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 142. Publication date: June 2026.



142:18 Zheng Wu et al.
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Fig. 4. Objective-side trade-offs (Exp. 1): Costcov vs. Cost
𝜙

LID
on four datasets. Each line denotes a method

(corresponding to different budgets 𝜌 ∈ {0.1%, 0.5%, 1%, 2%, 5%, 10%}). Lower-Left is better.
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Fig. 5. Sample-generation wall time by method and budget (log scale).

constructed using an approximate 𝑘-NN graph (HNSW, with 𝑘 = 128) [38] and employs an efficient

Lazier-than-Lazy algorithm [41] for selection.

• LASS-Lite (ours): LID-aware stratified seeding with local reinforcement of 𝑡 neighbors within

the self-consistent radius 𝑅sc (·) (as defined in § 4.1). Defaults: 𝑘sol=50, 𝑡=3, 𝐿=⌊
√
𝑚⌋, and bias 𝛽=1.

• LASS-NA (ours): Neighbor-aware cohort selection via lazy-greedy on a concave stabilization

objective (as defined in § 4.2). Defaults: neighbor-selection budget 𝑡=8 and candidate cap ℓ=32.

We also considered SimSTV [5], but its cubic complexity, 𝑂 (𝑑𝑛2 + 𝑛3 log𝑛), makes it infeasible at

scale. Similarly, we adapted the topology-preserving graph coarsening method GEC [40] by first

constructing a 𝑘-NN graph (HNSW, with 𝑘 = 50). This approach also proved intractable at scale

due to its reliance on maximal clique enumeration, which suffers from a combinatorial explosion

on the dense local subgraphs induced by 𝑘-NN construction.

General setup. Unless otherwise stated, the graph-based ANNS index is HNSW with 𝑀=50,

efC=400, and efS=200. When we report Cost
𝜙

LID
, we set 𝑘ref = 100 and choose 𝜏 as the 5th percentile

of the global LID distribution.

⊲ Exp.1: Objective-side performance and efficiency.We evaluate the proposed methods on two

critical dimensions: (i) the trade-off between global coverage (Costcov) and local fidelity (Cost
𝜙

LID
),

and (ii) the computational efficiency (runtime) of sample generation. We sweep sampling ratios

𝜌 ∈ {0.1%, 0.5%, 1%, 2%, 5%, 10%} across all datasets to observe trends under varying budgets.

Figure 4 presents the trade-off between coverage and fidelity. LASS-NA consistently dominates

the Pareto frontier, offering a superior balance compared to baselines. For instance, on GLOVE with

a tight budget (𝜌 = 0.5%), LASS-NA achieves a Cost
𝜙

LID
of 0.207. This represents a 71.7% reduction in

fidelity cost compared to KMeans (0.732) and also outperforms FL-Greedy (0.222) while maintaining

comparable global coverage. Furthermore, on the larger GIST dataset with a larger 𝜌 = 5% budget,
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Table 3. Quantitative evaluation at

𝜌 = 0.1%.

Method Overlap ↑ Trustworthiness ↑ Continuity ↑

Random 30.5% 83.2% 92.1%

KMeans 26.0% 81.9% 90.1%

LASS-NA 38.2% 86.5% 92.2%
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Fig. 7. UMAP visualization of the GLOVE dataset. Each embedding is generated by a model trained on a

sampled subset and then applied to the full data. (a) shows the ground-truth embedding from the full dataset.

The subsequent plots compare visualizations from samples obtained via Random, KMeans, and LASS-NA at

sampling ratios of (b-d) 𝜌 = 1.0% and (e-g) 𝜌 = 0.1%.

Table 4. Performance on the self-supervised prototyping task (GLOVE). We report the mean ± std over 10

random seeds. Best results are highlighted in gray.

𝜌 = 0.1% 𝜌 = 0.5% 𝜌 = 1.0%

Method Steps-to-𝜏 Best Val P@10 Steps-to-𝜏 Best Val P@10 Steps-to-𝜏 Best Val P@10

LASS-NA 63.2 ± 0.4 8.34 ± 0.03 0.600 ± 0.004 30.0 ± 0.0 7.24 ± 0.01 0.762 ± 0.003 20.8 ± 0.8 7.03 ± 0.00 0.793 ± 0.002
FL-Greedy 79.0 ± 5.1 8.55 ± 0.03 0.565 ± 0.004 43.8 ± 0.4 7.38 ± 0.01 0.706 ± 0.002 23.8 ± 0.4 7.02 ± 0.01 0.753 ± 0.002
Random ∞ 9.09 ± 0.03 0.550 ± 0.002 41.0 ± 3.1 7.56 ± 0.01 0.703 ± 0.003 17.8 ± 1.1 7.05 ± 0.02 0.787 ± 0.004
KMeans ∞ 9.32 ± 0.02 0.564 ± 0.004 34.0 ± 2.5 7.52 ± 0.01 0.703 ± 0.003 16.8 ± 0.8 7.02 ± 0.02 0.803 ± 0.002

LASS-NA reduces the local fidelity cost by 58.6% to 62.7% against three competitors at similar

coverage levels.

Figure 5 shows the sample generation time as the sampling ratio 𝜌 increases. Our LASS-Lite and

LASS-NA exhibit a fixed-cost behavior dominated by the one-time index construction, resulting in a

stable runtime that is effectively decoupled from the sampling ratio. In contrast, the clustering-based

baselines are highly sensitive to the sample size, showing a linear growth profile. For instance, the

runtime of KMeans on GLOVE surges by over 16× as 𝜌 increases from 0.1% to 10%, and KMeans++

frequently fails to complete within the 3,600s cutoff.

⊲ Exp.2: Visualization of global structure preservation. To evaluate how well a small sam-

ple preserves the global structure of the full dataset, we employ UMAP [39] for dimensionality

reduction. We first train a UMAP model solely on the sampled subset S, using parameters such as

𝑛neighbors=min{30, ⌊|S|/3⌋}, min_dist=0.1, and the cosine metric for 500 epochs. We then use this

trained model to transform the entire dataset D. The resulting embedding is aligned to the ground

truth via Orthogonal Procrustes Analysis. We introduce three quantitative metrics widely used for

evaluating neighborhood preservation in dimensionality reduction: Overlap, Trustworthiness, and
Continuity [25, 32, 50].

The results are presented in Figure 7. At a moderate sampling ratio of 𝜌 = 1%, all methods

capture the main cluster structures, though LASS-NA offers visibly sharper separation (Fig. 7(b-d)).

The crucial distinction emerges at the tight budget of 𝜌 = 0.1%. Visually, models trained on the

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 142. Publication date: June 2026.



142:20 Zheng Wu et al.

SIFT1M GIST GLOVE MSONG

0.8

0.85

0.9

0.95

1

Relative Hops/Distance
Hops Distance

Fig. 8. Performance of the navigation graphs (𝜌 = 0.1%) built by LASS-NA compared to Random, showing the

relative reductions in search path length (hops) and initial seed-to-query distance. All metrics are normalized

to Random (1.0). Lower values indicate better performance.

Random and KMeans samples exhibit sampling bias, failing to map distinct clusters. (Fig. 7(e, f)).

In contrast, LASS-NA retains representatives from both dense and sparse regions, preserving the

distinct local structures (Fig. 7(g)). This visual superiority is confirmed quantitatively in Table 3.

LASS-NA achieves the highest scores across all three metrics.

⊲ Exp. 3: Downstream task performance via self-supervised prototyping. To assess how

sample quality affects downstream machine learning tasks, we conduct a self-supervised model

prototyping experiment on GLOVE. The task involves pretraining a two-layer MLP (𝑓𝜃 : R𝑑→
R𝑑

) using a graph-regularized objective. The loss combines a reconstruction error with a graph-

smoothness term:

L =
1

|𝐵 |
∑︁
𝑖∈𝐵
∥ 𝑓𝜃 (𝑥𝑖 ) − 𝑥𝑖 ∥22 + 𝜆

1

|E𝐵 |
∑︁
(𝑖, 𝑗 ) ∈E𝐵

𝑤𝑖 𝑗 ∥ 𝑓𝜃 (𝑥𝑖 ) − 𝑓𝜃 (𝑥 𝑗 )∥22

The effectiveness of this regularizer hinges on the quality of the training graph 𝐺𝑆 , which is

constructed exclusively from the sample S. We evaluate generalization on the full dataset D using

three metrics: Best Val (lowest validation loss), Steps-to-𝜏 (epochs to reach a validation threshold),

and P@10 (10-NN precision of the learned embedding). We hold all hyperparameters constant across

methods, including the validation graph 𝐺𝐸 built on D. The results in Table 4 show that LASS-NA

delivers the most robust performance, especially under tight data budgets (mean ± std over 10

random seeds). At the tightest budget (𝜌 = 0.1%), our advantage is substantial: models trained on

Random and KMeans samples fail to converge. While FL-Greedy produces a convergent model,

LASS-NA converges faster (63.2 ± 0.4 vs. 79.0 ± 5.1 steps) and yields a better embedding (P@10 of

0.600±0.004 vs. 0.565±0.004). This highlights the importance of preserving local fidelity when data

are sparse. At a moderate budget (𝜌 = 0.5%), LASS-NA remains the top performer across all three

metrics, achieving the fastest convergence, the best validation loss, and the highest neighborhood

precision (P@10 of 0.762 ± 0.003). With a more generous budget (𝜌 = 1.0%), the performance gap

narrows; nevertheless, LASS-NA remains consistently strong in the most challenging low-budget

settings, where sample quality is critical for successful model prototyping.

⊲ Exp. 4: Improving seed selection in graph-based ANNS. We investigate the downstream

impact of our sampling on a practical database application: seed selection in graph-based ANNS.

Many systems employ a small in-memory navigation graph to guide searches into a much larger

disk-resident graph index [53]. The quality of the sample used to build this navigation graph directly

affects search efficiency. Our protocol is designed to isolate the effect of seed quality. The main

search is always performed on a fixed Vamana graph [22] built over the full dataset. To obtain

starting points (seeds), we construct a small auxiliary HNSW navigation graph [38] using a 0.1%

sample, following the navigation-graph sampling ratio adopted in Starling [53]. The only variable

is the sampling method used to build this navigation graph: LASS-NA versus Random. While final

system throughput (QPS) depends on many factors (e.g., main-graph parameters and hardware),
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Table 5. Ablation study on the neighbor-aware selection mechanism. For each sampling ratio, we highlight

the method achieving lower (better) Cost
𝜙

LID
.

GIST GLOVE

LASS-Lite LASS-NA LASS-Lite LASS-NA
𝜌 Costcov Cost

𝜙

LID
Costcov Cost

𝜙

LID
Costcov Cost

𝜙

LID
Costcov Cost

𝜙

LID

0.1% 1.225 0.464 1.224 0.477 5.129 0.339 5.119 0.329

0.5% 1.166 0.309 1.165 0.313 4.948 0.243 4.932 0.205

1.0% 1.141 0.263 1.140 0.244 4.856 0.196 4.848 0.172

2.0% 1.114 0.218 1.112 0.201 4.746 0.158 4.736 0.137

5.0% 1.061 0.162 1.059 0.146 4.541 0.115 4.541 0.099

10.0% 0.994 0.121 0.993 0.109 4.285 0.085 4.295 0.075
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Table 6. Comparison of the stabil-

ity of LID estimates computed us-

ing exact 𝑘-NN versus HNSW ap-

proximate neighbors, reporting Re-

call@100, Spearman rank correla-

tion, and mean relative error.

Dataset Recall@100 Spearman Mean Rel Err ↓

GIST1M 0.948 0.989 0.024

GLOVE1M 0.849 0.849 0.203

𝑘
ref
=100; defaults:𝑀=50, efC=400, efS=200.

Fig. 9. Sensitivity analysis for LASS-NA. (a–e) vary one factor at a time and report the relative change of

Cost
𝜙

LID
and Costcov (normalized to the default setting, i.e., 1.0).

the initial seed-to-query distance and the subsequent search path length (hops) serve as more direct

and sensitive proxies for seeding efficiency. We therefore evaluate seed quality using these two

metrics. Figure 8 reports the results, normalized to the Random baseline (dashed line at 1.0), where

lower is better. The figure shows that seeds obtained from the LASS-NA navigation graph are

consistently better than those from Random. This improvement follows from our method’s dual

objectives. The superior coverage of the LASS-NA sample ensures that a navigation point is close

to a given query, reducing the initial seed-to-query distance by over 9% on GLOVE and nearly 6%

on MSONG. Meanwhile, its higher fidelity yields a more representative navigation graph, leading

to shorter search paths, as reflected by the reduced hop count across all datasets, including a nearly

4% reduction on MSONG.

⊲ Exp. 5: Ablation study. This experiment isolates the benefit of LASS-NA’s core innovation: its

neighbor-aware selection mechanism. We compare LASS-NA against LASS-Lite, configuring both

methods with the same reinforcement budget (𝑡 = 8, 𝛽 = 1) to ensure a fair comparison. Under this

controlled setting, any performance difference is attributable to LASS-NA’s joint-selection strategy

rather than LASS-Lite’s per-seed heuristic. Table 5 shows that LASS-NA consistently outperforms
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Fig. 10. Scalability test on SIFT100M (Exp. 6).

LASS-Lite on both GIST and GLOVE, achieving a more favorable coverage–fidelity trade-off (higher

local fidelity at comparable global coverage). The improvement is especially pronounced on GLOVE:

at 𝜌 = 2%, LASS-NA reduces the fidelity cost by 13.3% (0.137 vs. 0.158) at nearly identical coverage.

Overall, LASS-NA makes more effective use of the reinforcement budget than LASS-Lite.

To further assess the robustness of LASS-NA to its internal parameters and ANNS graph quality,

we perform a study on GIST1M and GLOVE1M. Unless otherwise stated, we fix a tight sampling

ratio of 𝜌 = 0.1% and use the default configuration: 𝑘ref=100, 𝑘sol=50, candidate cap ℓ=32, and

HNSW settings (𝑀, efC, efS)=(50, 400, 200). We then vary one parameter at a time: 𝑘ref (a), 𝑘sol (b),

ℓ (c), efS (d), and (𝑀, efC) (e), and report the relative changes in Cost
𝜙

LID
and Costcov, normalized

to the default setting (Fig. 9(a–e)).

Figure 9 reveals four key patterns. First, the global coverage objective is highly stable: Costcov

stays within a very narrow band (around 1.0 after normalization) across all sweeps on both datasets.

This suggests that coverage performance is dominated by the stratified 𝐷2
seeding stage and is not

brittle to the details of the neighbor-aware refinement. Second, the local fidelity objective varies

smoothly and exhibits clear saturation behavior. Varying 𝑘sol over a wide range leads to only modest

changes in Cost
𝜙

LID
, and increasing the candidate cap beyond ℓ ≈ 32 yields diminishing returns,

whereas a very small cap can noticeably hurt fidelity due to insufficient neighbor candidates. Third,

LASS-NA does not require a near-perfect ANNS graph. Even when search quality is reduced by

lowering efS or using a lighter (𝑀, efC) configuration, the objective metrics change moderately

without catastrophic degradation. Fourth, to directly quantify the impact of approximate neighbors

on LID estimation, we compare LID computed using exact 𝑘-NN with LID computed using HNSW

approximate neighbors under 𝑘ref=100 (Table 6). On GIST1M, HNSW yields nearly exact LID ranks

(Spearman = 0.989) with a small mean relative error (2.4%). While GLOVE1M is more challenging

(Spearman = 0.849, mean relative error = 20.3%), the end-to-end sensitivity trends in (a–e) remain

smooth, indicating that our bounded fidelity loss is empirically robust to moderate kNN noise and

ANNS approximation errors.

⊲ Exp. 6: Scalability on SIFT100M. To validate scalability beyond million-scale datasets, we

conduct an end-to-end scalability test on SIFT100M, varying the dataset size from 10K to 100M

vectors. We fix the sampling budget at 𝜌 = 0.1%. For LASS-NA, we report the upfront time (including

HNSW build and LID computation) and compare it with the total time under different HNSW

configurations. Figure 10 summarizes the results. First, Figure 10(a) shows that the end-to-end

runtime of LASS-NA scales smoothly up to 100M under all tested index configurations, and varies

by only a small factor across settings due to the build/query trade-off. Second, the upfront cost

accounts for a substantial fraction of the end-to-end runtime, suggesting that the overall runtime

can be reduced by adopting lighter indices. Finally, Figure 10(b) compares LASS-NA with three

scalable baselines: Random-Reservoir (streaming uniform reservoir sampling), PQ-Reservoir, and
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Table 7. Model recommendation on CIFAR-10 embeddings. We report the mean ± std over 10 random seeds.

Budget

Norm. Acc ↑ Avg. Rank ↓ Cost
𝜙

LID
↓

LASS-NA Random LASS-NA Random LASS-NA Random

100 (0.2%) 0.963 ± 0.012 0.902 ± 0.070 7.00 ± 4.16 7.00 ± 5.62 0.34 0.91

500 (1%) 0.986 ± 0.003 0.985 ± 0.006 3.70 ± 1.49 3.10 ± 2.77 0.28 0.62

1K (2%) 0.983 ± 0.006 0.973 ± 0.008 4.60 ± 2.67 5.50 ± 3.44 0.25 0.44

5K (10%) 0.992 ± 0.005 0.987 ± 0.006 1.70 ± 2.31 2.40 ± 2.88 0.15 0.19

10K (20%) 0.999 ± 0.000 0.997 ± 0.002 1.80 ± 0.42 2.20 ± 1.55 0.10 0.13

FL-Greedy. As expected, Random-Reservoir is faster because it avoids building an ANNS index,

whereas PQ-Reservoir and FL-Greedy, which also rely on indices, exhibit similar scaling trends to

LASS-NA. Overall, LASS-NA remains practically feasible at the 100M scale, and its dominant costs

stem from a one-time index build and a single full pass of neighbor queries.

⊲ Exp. 7: Label-efficientmodel prototyping for classification.We study a practical downstream

workflow—model selection under a tight labeling budget on CIFAR-10 [29]. To isolate the effect of

sampling on vector utility, we freeze a pre-trained ResNet-18 [18] and map each training image

to an embedding x ∈ R512
, yielding a vector pool 𝐷 with 𝑛 = 50,000 instances. We consider a

configuration set C of |C| = 20 classifiers with heterogeneous capacity and regularization, forming

a non-trivial performance ladder.

For evaluation, we first train every 𝑐 ∈ C on the fully labeled training set to obtain its test accuracy
𝐴(𝑐) and the oracle ranking 𝜋★

(sorted by 𝐴(𝑐)); let 𝐴★ =max𝑐∈C 𝐴(𝑐). Then, for a labeling budget
𝐵 (i.e., |𝑆 | = 𝐵), a sampler produces a subset 𝑆 ⊂ 𝐷 using either LASS-NA or Random, and we only

use labels for points in 𝑆 for prototyping. We split 𝑆 into 𝑆tr/𝑆val, train each configuration 𝑐 on 𝑆tr,

and select 𝑐 = argmax𝑐∈C 𝐴̃val (𝑐; 𝑆val), where 𝐴̃val is the validation accuracy measured on the

sampled validation split. We evaluate the selected configuration using the metrics:

Norm.Acc(𝐵) =
𝐴(𝑐)
𝐴★

, Avg.Rank(𝐵) = E[rank𝜋★ (𝑐)] ,

where rank𝜋★ (𝑐) ∈ {1, . . . , |C|} is the position of 𝑐 in the oracle ranking (smaller is better).

Table 7 shows that LASS-NA yields consistently better model selection under limited labels. At

the smallest budget (𝐵=100, 0.2%), LASS-NA achieves substantially higher normalized accuracy

(0.963 ± 0.012 vs. 0.902 ± 0.07) and much lower fidelity loss (0.34 vs. 0.91), indicating a markedly

more faithful sample even when labels are extremely scarce. With 𝐵=1K (2%), LASS-NA improves

both selection quality and stability, reducing the average oracle rank of the chosen configuration

(4.60 ± 2.67 vs. 5.50 ± 3.44) while maintaining a higher normalized accuracy. At a larger budget

(𝐵=10K, 20%), both methods approach the optimum, but LASS-NA remains slightly better across all

metrics. Overall, improving local fidelity translates into more reliable validation-based prototyping

and thus better configuration choices under a strict labeling budget.

6 Related Work
Data sampling methods. Data sampling is a cornerstone of data systems, underpinning approxi-

mate query processing (AQP) [1, 19] and online aggregation [13, 51]. However, applying traditional

methods to large-scale data reveals a fundamental trade-off. On the one hand, simple random sam-

pling follows the data density, over-representing dense regions while missing sparse ones, leading

to poor global coverage [9]. On the other hand, strategies designed to enforce uniformity, such as

selecting 𝑘-means centers [4, 37], improve coverage but can fracture the local data distribution by

creating artificial repulsion within dense areas (see Figure 1). A more sophisticated line of work

frames selection as a multi-winner election to achieve proportional representation, ensuring the

sample’s composition quantitatively reflects the group proportions of the full dataset [5, 10, 21].
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For applications like ANNS or manifold learning, preserving local neighborhood connectivity is

paramount, as this structural property is not guaranteed by simply matching cluster population

ratios. Our work formalizes this tension and proposes a framework that explicitly navigates the

Pareto trade-off between global coverage and fidelity to the local data distribution.

Data sampling for machine learning. In machine learning, data sampling is widely employed

to accelerate training by selecting a smaller, informative subset of data [64]. A significant body of

work focuses on task-aware or model-aware selection, where the goal is to find a coreset [46] that

maximizes performance for a specific model and task. Prominent examples include formulating

subset selection as a submodular optimization problem [59] (e.g., CRAIG and GLISTER [27, 42]), as

well as data valuation via influence functions [28] and dataset distillation [56]. While these methods

are powerful, their reliance on a pre-defined model or task-specific feedback (e.g., gradients) makes

them unsuitable for initial data exploration or model-agnostic prototyping. Similarly, in deep metric

learning, sophisticated strategies have been developed to select informative training triplets within

an already-sampled mini-batch to accelerate model convergence [36]. In contrast, our approach is

fundamentally model-agnostic and unsupervised. By directly optimizing for intrinsic properties

of the local data distribution, we produce a high-quality “mini-dataset” without reference to any

downstream task. This makes our method ideal for applications like rapid model prototyping

or providing an informative cold-start batch for active learning systems before any labels are

available [47].

Data sampling in high-dimensional ANNS.Among various types of ANNS indexes, graph-based

methods [15, 16, 38, 43, 49] have demonstrated state-of-the-art performance in terms of recall and

throughput [34, 54]. During the construction of these graph indexes, automated tuning frameworks

rely on representative samples to learn optimal configurations [12, 61]. To improve query efficiency,

particularly for disk-resident graph indexes [22, 53], a navigation graph built over a small set of

sampled vectors is often employed to identify better entry points into the full index. In filtered
ANNS, random sampling is commonly used to estimate selectivity for planning [14, 35, 48, 52, 58].

Although data sampling is prevalent in this domain, simple random sampling remains the default

choice in practice, often yielding suboptimal results. To the best of our knowledge, this work is

among the first to introduce a bi-objective sampling framework for this area that explicitly preserves

coverage and local data distribution, which are both crucial to index performance.

7 Conclusion
To address the challenge of simultaneously achieving global coverage and preserving local data

distribution in large-scale, high-dimensional data sampling, this paper introduces a novel dual-

objective optimization framework that balances global coverage and local fidelity. Based on this

framework, we develop two efficient, near-linear-time samplers, LASS-Lite and LASS-NA. The

latter frames the neighbor selection problem as a submodular optimization, providing a (1 − 1/𝑒)
approximation guarantee for its objective of maximizing the reduction in Local Intrinsic Dimension-

ality (LID) estimation error. Experiments demonstrate that our methods perform exceptionally well

on the proposed dual objectives. The resulting samples faithfully preserve local data distributions

while maintaining broad coverage, leading to significant gains in downstream tasks such as data

visualization, self-supervised prototyping, and approximate nearest neighbor search. We further

validate scalability up to 100M vectors and show that improved local fidelity translates to better

label-efficient model selection under strict labeling budgets.
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