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Abstract— The recent paper (Cheung 2001) has
studied the blind identification of Gaussian source
process through a general temporal independent
component analysis (ICA) approach named dual auto-
regressive modelling. It is actually a temporal extension
of the classical principal component analysis without
considering the principal order of the components.
In this paper, we will further show the identifiable
condition of the general temporal PCA (TPCA), and
analyze the solution property of a specific TPCA al-
gorithm presented in (Cheung 2001). Also, a new
component ordering method is suggested, which in-
cludes the classical PCA ordering as a special case.
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I. Introduction

As a typical statistical analysis tool, principal compo-
nent analysis (PCA) has been widely used in a variety
of application areas such as image processing, pattern
recognition, data mining and time series analysis. Given
a series of multivariate Gaussian-distributed observa-
tions x1, x2, . . ., xN with xt = [x

(1)
t , x

(2)
t , . . . , x

(k)
t ]T ,

PCA considers the following model:

xt = Ayt, 1 ≤ t ≤ N, (1)

with yt = [y
(1)
t , y

(2)
t , . . . , y

(j)
t , . . . , y

(k)
t ]T , where the k

components y(j)’s (also called sources hereafter) are sta-
tistically independent each other, and are unknown as
well as the true mixing matrix A. PCA is just to use
second-order statistics information of the observations
to find out an appropriate de-mixing matrix W such
that the yt’s estimator:

ŷt = Wxt, 1 ≤ t ≤ N (2)

with
ŷt = [ŷ

(1)
t , ŷ

(2)
t , . . . , ŷ

(k)
t ]T

is also component-wise independent, where the principal

order of ŷ
(j)
t ’s is explicitly given out based on the eigen-

values of the observation covariance matrix. However,
PCA implies a strong assumption that the observations
are independently and identically distributed (iid); oth-

erwise, this technique will lead ŷ
(1)
t , ŷ

(2)
t , . . ., ŷ

(k)
t not to

be independent each other any more.

In the literature, temporal factor analysis (TFA) [9]
as a generalized model of Eq.(1) has considered the
time correlations among observations in extracting the
Gaussian components, but without assigning the com-
ponents’ principal order. The paper [9] has presented an
algorithm by minimizing a Kullback-Leibler divergence
function with a first-order Taylor expansion approxima-
tion for temporal decoupling. Although that algorithm
has been further improved in [4], [5] and its performance
well demonstrated by the experiments, their solution
properties thus far have not been investigated yet.

Alternatively, our recent paper [3] has studied the
blind identification of Gaussian source process through
a general temporal independent component analysis
(ICA) approach named dual auto-regressive (AR) mod-
elling . Without considering the principal order of the
components, it actually performs principal component
analysis on time-correlated observations, rather than iid
ones. We therefore call it temporal PCA (TPCA) here-
after to further distinguish it and the classical PCA. In
this paper, we will give out the identifiable condition of a
general TPCA model. Moreover, we further analyze the
solution property of a specific TPCA algorithm in [3].
The theoretical results have shown that the wave form
of each component y

(j)
t can always be identified (i.e., the

k components y
(1)
t , y

(2)
t , . . ., y

(k)
t can be recovered up

to a constant scale and any permutation of component
superscript indices) as long as the underlying model is
identifiable. In addition, we propose a new component
ordering method upon the fact that ICA does not give
out the principal order of those independent components
unlike PCA. In the literature, some methods have been
suggested to determine the component order. For exam-
ple, the components are sorted according to their non-
Gaussianity [7]. Back and Trappenberg [1] suggested
to select a subset of the components based on the mu-
tual information between the observations and the in-
dividual components, which also provides another way
to order the components. Furthermore, the paper [2]
decides the component order according to the L∞ norm
of each individual component, and the paper [6] orders
the components according to their joint contributions in
data reconstruction. All of these existing methods per-
form ordering assignment after all the components have
been extracted via an ICA approach. In contrast, this



new ordering method gives out the principal order of the
components in advance as given a set of observations.
Consequently, it can save considerable computing costs
if only first several principal components need to be ex-
tracted in data analysis. Besides that, the proposed
method can bring at least two extra advantages:
1. It is a natural extension of PCA ordering with

including the latter as a special case.
2. If the time series of each source is stationary and

all eigenvalues of the sample observation covari-
ance matrix are distinct, the intrinsic indetermi-
nacy of ICA on component scale and subscript
indices can both be fixed in advance up to a con-
stant sign.

The organization of this paper is as follows. Section
II conducts the identifiable analysis of TPCA, and Sec-
tion III analyzes the solution properties of the TPCA
algorithm in [3]. In Section IV, the new component or-
dering for TPCA is presented and demonstrated by the
experiment. Finally, we draw a conclusion in Section V.

II. Identifiable Analysis of Temporal PCA
Components

Suppose each component in the model of Eq.(1) is
generally non-Gaussian iid distributed with at most one
Gaussian. It has been shown [8] that the wave form
of those components in Eq.(1) are identifiable (i.e., the
components are identified up to a constant scale and
any permutation of indices) under the condition that the
components are independent each other. Unfortunately,
when some components are iid Gaussian distributed, it
no longer holds upon the fact that the independence
property among a set of iid Gaussian variables is in-
variant in a rotation transformation (i.e., multiply an
orthogonal matrix). However, this is not true in general

when each component is a Gaussian process with y
(j)
t

and y
(j)
t−τ time-correlated for τ = 1, 2, . . .. In the paper

[3], while observations are modelled by Eq.(1), each of

k independent components y
(1)
t , y

(2)
t , . . . , y

(k)
t in Eq.(1)

has been further described as a general AR process:

y
(j)
t = fj(Y

(j)
t−1|θj) + ε

(j)
t , 1 ≤ j ≤ k, (3)

where fj(Y
(j)

t−1|θj) with Y
(j)

t−1 = {y(j)
t−1, y

(j)
t−2, . . . , y

(j)
0 } is a

deterministic function of Y
(j)

t−1, θj denotes the unknown

true parameter set in fj , and ε
(j)
t is a Gaussian white

noise. For simplicity, these k components can be further
expressed in the matrix form:

yt = f(Yt−1|Θ) + "t, (4)

where f = [f1, f2, . . . , fk]T , Yt−1 = [yT
t−1,y

T
t−2, . . . ,y

T
0 ]T ,

Θ = {θ1, θ2, . . . , θk}, and "t = [ε
(1)
t , ε

(2)
t , . . ., ε

(k)
t ]T . We

name the model described by Eq.(1) and Eq.(4) as tem-
poral PCA. In the remaining part of this section and
Section III, we let the covariance Σ of "t be the identity
matrix I without loss of generality due to the fact that
the scale of each component in this model is unidentifi-
able.

Since the wave form of yt’s is recovered by Eq.(2),
if the wave form is unidentifiable, there must exist a

matrix R 6= PD with P being a permutation matrix and
D a diagonal matrix such that WA = R, but RRT = I.
That is, R must be an orthogonal matrix. We therefore
just need to investigate the yt’s wave-form identification
under the situation that R is orthogonal. Consequently,
we have the following results:

Theorem 1: In temporal PCA model, for any orthog-
onal matrix R 6= PD, where P and D are a per-
mutation matrix and a diagonal matrix respectively, if
Rf(Yt−1|Θ) 6= f(RYt−1|Θ̃), where Θ and Θ̃ are both
the parameters of f , but with the different values in
general, then the wave form of yt’s is identifiable.
The proof is given in Appendix A. In particular, when
a series of yt is an AR(1) process, described as:

yt = Λyt−1 + "t, (5)

where Λ = diag(λ1, λ2, . . . , λk) is the diagonal matrix
with λj ’s as the diagonal elements, the above theorem
can be further refined as follows:

Corollary 1: If λj ’s are distinct each other, the wave
forms of yt’s are identifiable.
Since from Eq.(5), given any k × k orthogonal matrix
R, we know that:

Rf(Yt−1|Θ) = RΛyt−1 (6)

= RΛRT Ryt−1, (7)

f(RYt−1|Θ̃) = Λ̃Ryt−1, (8)

where Λ̃ is a diagonal matrix. Hence, to prove that
Rf(Yt−1|Θ) 6= f(RYt−1|Θ̃), we just need to prove the
following theorem:

Theorem 2: For any k × k orthogonal matrix R 6=
PD, where P and D are a permutation matrix, and
a diagonal matrix respectively, if λj ’s are distinct each
other, RΛRT must not be a diagonal matrix.
The proof of Theorem 2 is given out in Appendix B.
Although we here just give out the result for AR(1)
process, the AR(p) component process can actually be
transformed as an AR(1) process to study. The results
are similar to Corollary 1. We leave it elsewhere.

III. Analysis of The Temporal PCA Algorithm

Given a series of observations xt’s, the paper [3] has
presented a general maximum likelihood (ML) algo-
rithm to estimate ŷt’s as well as the parameter set Θ
by maximizing the log-likelihood function of the obser-
vations:

Q(Θ1) = ln p(x1,x2, . . . ,xN ;Θ1)

=

NX
t=1

ln p(xt|Xt−1;Θ1), (9)

where X0 = x0, and Θ1 = {Θ,A}. In the following,
we will use the same notations for the true parameters
and their estimates for simplicity, which can be distinct
from the context without ambiguity. Particularly, when
yt’s are described by Eq.(5), the paper [3] has shown
that p(xt|Xt−1;Θ1) is explicitly given out as

p(xt|Xt−1;Θ1) = G(xt|AΛA−1xt−1,AAT ), (10)



where G(.) denotes a Gaussian probability density func-
tion, and A−1 should be replaced by its pseudo inverse
if A is either a non-square matrix or singular. The de-
tailed adaptive implementation at time step t is there-
fore as follow:
1. Given Θold

1 , let ŷt = Wxt, where W is the inverse
of A;

2. Update Θ1 by

Θnew
1 = Θold

1 + η
∂Jt(Θ1)

∂Θ1
|Θold

1
(11)

with ∂Jt(Θ1)
∂Θ1

being

∂Jt(Θ1)

∂A
= WT (Wztŷ

T
t−1Λ−ΛWztŷ

T
t−1

+Wztz
T
t WT − I),

∂Jt(Θ1)

∂Λ
= diag(Wztŷ

T
t−1), (12)

where η is a small positive learning rate, zt = xt−
AΛŷt−1, and diag(U) denotes a diagonal matrix
with the major diagonal of U.

It is clear that, as long as η is small enough, the pa-
rameters A and Λ learned by the above algorithm will
converge to:

E[
∂Jt(Θ1)

∂A
] = 0 (13)

E[
∂Jt(Θ1)

∂Λ
] = 0. (14)

Then we have the following results:
Theorem 3: The parameters learned by Eq.(12) will

guarantees to converge to a true solution, i.e., the wave
form of yt’s can be identified, as long as the model of
temporal PCA is identifiable.
The mathematical proof is be given in Appendix C.

IV. Component Ordering in Temporal PCA

In Eq.(4), we know that the variance Σ of "t is in-
determinate in estimation, which therefore gives us a
freedom to pre-assign it. We here let

Σ = diag(λx,1, λx,2, . . . , λx,k), (15)

where λx,j is the jth largest eigenvalue of the sample
covariance matrix Σx of the observations. Suppose the
covariance matrix of y0 is σ2I, where σ2 is a constant
scalar. We then define the jth component of yt’s is
the jth principal one. This ordering can be interpreted
that the observations are decomposed into k indepen-
dent components such that the first principal compo-
nent is the one with the maximum variance, and the
second one is with the second maximum variance, and
so on. It can be seen that this ordering is actually a nat-
ural extension of the PCA ordering, and it degenerates
to the latter when fj ’s are some constant functions.

Since the principal order of the components is com-
pletely determined by Σx, we need to estimate Σx adap-
tively when the observation xt is not available until the
time step t. Consequently, we learn it together with the

other model parameters by the implementation proce-
dures as described in Section III. That is, we replace
Eq.(11) by

x̄new = (1− η)x̄old + η(xt − x̄old), (16)

Σnew
x = (1− ηΣ)Σold

x + ηΣ(xt − x̄new)(xt − x̄new)T ,

Θnew
1 = Θold

1 + η
∂Jt(Θ1)

∂Θ1
|Θold

1

with Eq.(12) becoming

∂Jt(Θ1)

∂A
= WT (Σ−1Wztŷ

T
t−1Λ−ΛΣ−1Wztŷ

T
t−1

+Σ−1Wztz
T
t WT − I),

∂Jt(Θ1)

∂Λ
= diag[Σ−1Wztŷ

T
t−1], (17)

where Σ is given by Eq.(15), x̄ is the sample mean of
xt’s, and ηΣ is a small positive learning rate like η. In
general, we can firstly initialize x̄ at zero, and Σ at
a random value with its intrinsic constraints satisfied.
We then adaptively adjust x̄ and Σ by Eq.(16). To
make the covariance learned smoothly, by rule of thumb,
ηΣ should be chosen much smaller than η, e.g., ηΣ =
0.1η. As a result, it needs more data points for their
learning. Alternatively, after scanning a small portion
of observations, we can re-initialize them at the sample
mean and covariance matrix of those past observations,
respectively.

A. Simulation Results

As an example, we let the observations be generated
by Eq.(1) with the true matrix

A =

�
1.5 0.5
0.7 2.0

�
, (18)

and the source process described by Eq.(5) be

yt =

�
0.4

−0.5

�
yt−1 + "t, (19)

where "t = [ε
(1)
t , ε

(2)
t ]T is from zero-mean Gaussian dis-

tribution with the variance of ε
(1)
t being 0.1, and ε

(2)
t

being 0.2. We initialized y0 at zero, and set η = 0.001
and ηΣ = 0.0001, respectively. After scanning 500, 000
sample points, the learned parameter A has been con-
verged to

A =

�
0.4239 0.5368
0.2064 2.1812

�
, (20)

and Λ converged to

Λ =

�
0.4006 0.0000
0.0000 −0.4427

�
. (21)

Figure 1 presents a slide window to show the identifi-
cation results, where it can be seen that the original
independent components have been well identified. In
this case, the algorithm gave out the variance of the
first component 1.5955 and the second one 0.2262. That
means the first one is the most principal as expected.
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Fig. 1. The identification results. The first two rows are the
slide windows of two sources, and the middle two rows
are the corresponding observations. The last two are the
identified results.

V. Conclusion

This paper has not only given out the identifiable con-
dition of temporal PCA, but also shown that the TPCA
algorithm in [3] guarantees to converge a correct solu-
tion as long as the model is identifiable. Further, a new
component ordering method is suggested, and demon-
strated by the experiment.
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Appendix

I. Proof of Theorem 1

We let

ỹt = Ryt, (22)

with R 6= PD, where P is a permutation matrix, and
D is a diagonal matrix. Suppose that ỹt’s also come
from the same model as yt’s. Then, to guarantee the
statistical independence among the components of ỹt,
we must have:

xt = Ãỹt (23)

ỹt = f(Ỹt−1|Θ̃) + "̃t (24)

with the covariance matrix of "̃t is equal to I. However,
from Eq.(4), we have:

ỹt = Rf(Yt−1|Θ) + R"t

= Rf(Yt−1|Θ) + "̃t. (25)

Since Rf(Yt−1|Θ) 6= f(RYt−1|Θ̃), we then have:

ỹt 6= f(Ỹt−1|Θ̃) + "̃t. (26)

Hence, it is impossible that ỹt’s comes from the same
model as yt’s with the different parameters. That is,
the Gaussian rotation problem cannot occur. Hence,
the wave form of yt’s is identifiable.

Q.E.D.

II. Proof of Theorem 2

Suppose RΛRT = D̃, where D̃ is a diagonal matrix.
Since R is an orthogonal matrix, then for each row and
column, there must exist a non-zero element. Hence, we
can let

R̃ = P̃R (27)

where P̃ is a permutation matrix such that the main
diagonal elements r̃ii’s of R̃ are non-zero. Then we have:

R̃ΛR̃T = P̃RΛRT P̃T (28)

= P̃D̃P̃T (29)

= Λ̃, (30)

where Λ̃ is still a diagonal matrix. From Eq.(28), we
have

R̃Λ = Λ̃R̃. (31)



Since

R̃Λ =

0BBB@
λ1r̃11 λ2r̃12 . . . λkr̃1k

λ1r̃21 λ2r̃22 . . . λkr̃2k

...
... · · ·

...
λ1r̃k1 λ2r̃k2 . . . λkr̃kk

1CCCA (32)

and

Λ̃R̃ =

0BBB@
λ̃1r̃11 λ̃1r̃12 . . . λ̃1r̃1k

λ̃2r̃21 λ̃2r̃22 . . . λ̃2r̃2k

...
... · · ·

...

λ̃kr̃k1 λ̃k r̃k2 . . . λ̃k r̃kk

1CCCA , (33)

we then have0BBB@
λ1r̃11 λ2r̃12 . . . λkr̃1k

λ1r̃21 λ2r̃22 . . . λkr̃2k

...
... · · ·

...
λ1r̃k1 λ2r̃k2 . . . λkr̃kk

1CCCA
=

0BBB@
λ̃1r̃11 λ̃1r̃12 . . . λ̃1r̃1k

λ̃2r̃21 λ̃2r̃22 . . . λ̃2r̃2k

...
... · · ·

...

λ̃kr̃k1 λ̃kr̃k2 . . . λ̃kr̃kk

1CCCA . (34)

Since r̃ii’s are non-zero, we have

Λ = Λ̃. (35)

By putting Eq.(35) into Eq.(34) and comparing the el-
ements of both sides one-by-one, we have

(λi−λj)r̃ij = 0, for ∀1 ≤ i, j ≤ k and i 6= j. (36)

Since λi − λj 6= 0 for ∀i 6= j, we then have r̃ij = 0 for
any 1 ≤ i, j ≤ k and i 6= j. That is, R̃ is a diagonal
matrix, denoted as D. Hence, from Eq.(27), we know
that R = P̃D, which is contradictory to the condition
that R is not a product of a permutation matrix and a
diagonal matrix. Hence, Theorem 2 holds.

Q.E.D.

III. Proof of Theorem 3

Given the log-likelihood function of Gaussian-
distributed observations as described by Eq.(10), we
know that, as N → ∞, the ML estimates of the true
parameters A∗ and Λ∗ that make Eq.(13) and Eq.(14)
hold must also satisfy

AΛA−1 = A∗Λ∗A∗−1
(37)

AAT = A∗A∗T
(38)

upon the fact that the ML estimates of the Gaussian
distribution unbiasly tend to their true value as N →∞.
We let:

A = A∗R, (39)

where R is a k × k matrix. By putting Eq.(39) into
Eq.(38), we can get

RRT = I. (40)

That is, R must be an orthogonal matrix. Hence, from
Eq.(38), we have

A∗RΛRT A∗−1
= A∗Λ∗A∗−1

. (41)

Consequently, we have

RΛRT = Λ∗. (42)

From Theorem 2, we know that R satisfying Eq.(42)
must be an orthogonal matrix that is a product of a
permutation matrix P and a diagonal matrix D. That
is, A is the estimate of A∗PD. Hence, A is a true
solution. Further, we know that Λ = RΛ∗RT is also a
true solution.

Q.E.D.


