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Single sample per person face recognition is one of the most challenging problems in face recognition
(FR), where only single sample per person (SSPP) is enrolled in the gallery set for training. Although the
existing patch-based methods have achieved great success in FR with SSPP, they still have limitations
in feature extraction and identification stages when handling complex facial variations. In this work, we
propose a new patch-based method called Robust Heterogeneous Discriminative Analysis (RHDA), for FR
with SSPP. To enhance the robustness against complex facial variations, we first present a new graph-
based Fisher-like criterion, which incorporates two manifold embeddings, to learn heterogeneous dis-
criminative representations of image patches. Specifically, for each patch, the Fisher-like criterion is able
to preserve the reconstruction relationship of neighboring patches from the same person, while sup-
pressing the similarities between neighboring patches from the different persons. Then, we introduce
two distance metrics, i.e., patch-to-patch distance and patch-to-manifold distance, and develop a fusion
strategy to combine the recognition outputs of above two distance metrics via a joint majority voting for
identification. Experimental results on various benchmark datasets demonstrate the effectiveness of the

proposed method.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Face recognition (FR) has been receiving considerable attentions
in both computer vision and pattern recognition because of its po-
tential applications in video surveillance [1-3], access control [4,5],
person re-identification [6,7], visual tracking [8,9], just to name a
few. In spite of great achievement in the past decades, FR is still
becoming a challenging task due to many types of facial varia-
tions in a query face, e.g., illuminations, shadows, poses, expres-
sions, disguises, occlusions, and misalignments [10].

In many practical FR systems, e.g., law enforcement, ID card
identification, and airport surveillance, there is only one single
sample per person (SSPP) when considering their limited storage
and privacy policy [11]. As a result, it becomes particularly in-
tractable for FR with SSPP when within-class information is not
available to predict the unknown facial variations in query sam-
ples. Therefore, a variety of existing discriminative subspace learn-
ing methods such as linear discriminant analysis (LDA) [12] and
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other Fisher-based methods [13-15] would fail to work in such a
scenario. Moreover, the recent emerging representation-based clas-
sifiers, e.g., sparse representation-based classifier (SRC) [16] and
collaborative representation-based classifier (CRC) [17], also suffer
from heavy performance degeneration, since these classifiers still
require multiple within-class training samples to reasonably repre-
sent query samples.

To address the SSPP problem in FR, various methods have been
developed recently, which can be roughly classified into two cat-
egories [18]: holistic methods and local methods. Holistic meth-
ods [19-22] identify a query sample using the whole face im-
age as input. For holistic methods, the main idea is to enlarge
training samples to acquire within-class information. As described
in [23], there are two main directions: virtual sample generation
and generic learning. Virtual sample generation synthesizes vir-
tual samples by virtue of the real training samples. For example,
SPCA [24] and SVD-LDA [25] generate virtual samples based on sin-
gular value decomposition (SVD) perturbation. Nevertheless, one
major shortcoming of these methods is that the virtual samples
are always highly correlated to the gallery samples and thus can
hardly be considered as independent samples for feature extrac-
tion [23]. In contrast with virtue sample-based methods, generic
learning methods usually introduce an auxiliary generic set with
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persons not of interest to supplement the raw SSPP gallery set. For
example, Wang et al. [26] proposed a generic learning frame-
work to estimate approximated within-class scatter from generic
set provided that different sets of persons share similar within-
class variations. Representative methods under this framework in-
clude extended SRC (ESRC) [19], superposed SRC (SSRC) [27], sparse
variation dictionary learning (SVDL) [20], collaborative probabilis-
tic labels (CPL) [28], etc. Although this kind of holistic methods
can alleviate the SSPP problem to some extent, their performance
depends heavily on the elaborately selected generic set. For exam-
ple, the desired generic set is always required to (1) share similar
shooting situations with the gallery set, and (2) contain adequate
facial variations to help predict the unknown variations in query
samples. However, in practical applications, it would be a tough
task to collect sufficient generic samples satisfying such require-
ments.

For local methods, they recognize a query sample by leverag-
ing local facial features. Usually, a common way to generate local
features is to partition a face sample into several overlapping/non-
overlapping image patches. Thus, this type of local methods [29-
32] is also called patch-based methods, in which each partitioned
patch of a face sample is assumed to be an independent sam-
ple of this person (i.e., class). Based on this assumption, re-
searchers extended conventional subspace learning methods and
representation-based classifiers, e.g., PCA, LDA, SRC, and CRC, to
the corresponding patch-based counterparts, i.e., modular PCA [33],
modular LDA [34], patch-based SRC (PSRC) [16] and patch-based
CRC (PCRC) [29]. Subsequently, they performed SSPP FR via inte-
grating the recognition outputs of all partitioned patches. Further-
more, Lu et al. [23] developed a discriminative multi-manifold
analysis (DMMA) method provided that the partitioned patches
of each person lie in an individual manifold, hence converting FR
to a manifold-manifold matching problem. Based on this work,
Yan et al. [35] proposed a multi-feature multi-manifold learning
method by combining multiple local features to promote recog-
nition performance. Zhang et al. [31] modified DMMA and pro-
posed a sparse discriminative multi-manifold embedding (SDMME)
method by leveraging another sparse graph-based Fisher criterion
to learn a discriminative subspace for partitioned patches.

Recently, a few attempts [36,37] have been made to incorporate
generic learning into patch-based methods for SSPP FR. For exam-
ple, Zhu et al. [36] extracted the patch variation dictionary from
the generic set, then concatenated them with the gallery patch dic-
tionary to measure the representation residual of each query patch.
These methods have been reported to achieve much better per-
formance compared to the existing patch-based methods for SSPP
FR. However, the desired generic set of them is still difficult to be
collected in practice, like generic learning methods. Therefore, we
only focus on the patch-based methods without generic learning
in this work.

Despite inspiring performance achieved by the existing patch-
based methods for SSPP FR, these methods still suffer from two
major drawbacks:

(i) For feature extraction, the graph-based Fisher criteria applied
in the state-of-the-art patch-based methods, i.e., DMMA and
SDMMIE, cannot generate representations (i.e., features) that
are discriminative enough. Note that LE-graph [38] and [;-
graph [39] are two prevalent graphs that characterize the
similarity relationships and reconstruction relationships for
image data, respectively. Then, for the above two patch-
based methods,

o DMMA preserves LE-graph for the within-class patches,
meanwhile destroying LE-graph for the between-class
patches (see Criterion I in Fig. 1). In doing so, the neigh-
boring within-class patches will be pulled close to each

Criterion II
within-class: preserve [;-graph
between-class: destroy [;-graph
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Fig. 1. Comparison of the proposed Fisher-like criterion in RHDA with the graph-
based Fisher criteria in DMMA and SDMME. The points with the same color (or
shape) indicate patches from the same person.

other while the neighboring between-class patches will
be kept far apart in the learned subspace. Nevertheless,
in this criterion, the crucial reconstruction structure of
the within-class patches is neglected, which may cause
the recovered subspace structure to be skewed from the
intrinsic subspace structure.

 SDMME preserves l;-graph for the within-class patches,
meanwhile destroying [;-graph for the between-class
patches (see Criterion II in Fig. 1). In this criterion, al-
though the reconstruction structure and the similarity re-
lationships of the within-class patches both can be re-
served, the between-class patches may still have chance
to stay nearby because destroying the between-class re-
construction relationship is a weaker penalty compared
to directly suppressing the similarities of the between-
class patches. Moreover, it would be time-consuming to
compute the reconstruction coefficients of the between-
class patches in SDMME, as the number of between-class
patches is much larger than the number of within-class
patches.

(ii) For identification, it is believed that, given a patch from a
query sample, it should be (1) similar to the patch in the
same position, or/and (2) well reconstructed by its neigh-
boring patches, of the same person in the gallery set. How-
ever, existing patch-based methods only consider one of the
two observations (i.e., distance metrics), which is inadequate
when handling complex facial variations. For example, PSRC
and PCRC simply leverage the similarities of patches in the
same position to identify a query patch. However, when
there exist pose variations or misalignments in the query
sample, the patches of the same position between query
and gallery sample do not match to each other probably,
thus leading the query patch to be easily misclassified. Be-
sides, DMMA and SDMME simply compute the reconstruc-
tion residual between the query patch and its neighbor-
ing patches in the gallery sample for identification. How-
ever, this reconstruction-based distance metric is quite sen-
sitive to the facial variations such as severe illuminations
and shadows in query samples.

To address the above two issues, we propose a new patch-
based method called Robust Heterogeneous Discriminative Analysis
(RHDA), for FR with SSPP.

For the first issue, based on the purposes of the reconstruction-
based I{-graph and the similarity-based LE-graph, we propose a
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new graph-based Fisher-like criterion in RHDA model to conduct
discriminant analysis across both [j-graph and LE-graph. The for-
mer preserves the sparse reconstruction relationship of the neigh-
boring patches from the same person, and the latter suppresses
the similarities of the neighboring patches from the different per-
sons (see Fisher-like criterion in Fig. 1), so as to improve the dis-
criminant ability of the patch distributions in the learned subspace
compared with that of DMMA and SDMME. To the best of our
knowledge, the Fisher-like criterion can be the first attempts to
consider the cooperation of heterogeneous graphs to characterize
the discriminant structure of image data. We will demonstrate the
superiority of the proposed Fisher-like criterion in Section 2.1.3.

For the second issue, we present two different discrimina-
tive manifold embeddings, namely discriminative single-manifold
embedding (DSME) and discriminative multi-manifold embed-
ding (DMME). The two embeddings model the whole partitioned
patches over all persons as a single manifold and multiple man-
ifolds, respectively, and are then incorporated into the Fisher-like
criterion to generate heterogeneous discriminative representations
for image patches. Subsequently, we introduce two distance met-
rics, i.e., patch-to-patch distance and patch-to-manifold distance,
associated with the single manifold and multiple manifolds, re-
spectively; and develop a fusion strategy by assigning the het-
erogeneous representations to the two distance metrics and com-
bining their recognition outputs via joint majority voting to iden-
tify the unlabeled query sample. In doing so, the proposed RHDA
method can greatly enhance the robustness against complex fa-
cial variations and achieve promising recognition performance. Ex-
perimental results on five benchmark datasets, i.e., AR, CAS-PEAL,
FERET, E-YaleB and Multi-PIE, verify the effectiveness of RHDA for
FR with SSPP.

Moreover, it is worth noting that the deep learning based meth-
ods [40-44], e.g., DeepID [40], VGG-Face [41] and stacked de-
noising auto-encoders [42], have achieved great success in face
verification and identification. Benefiting from these works, some
attempts have been tried recently to employ the deep neural
networks to address the SSPP FR problem. For instance, Gao
et al. [45] proposed a stacked supervised auto-encoders (SSAE)
method, in which the faces with different variations were treated
as the contaminated samples, then a stacked denoising auto-
encoders based deep neural network was leveraged to recover the
clean part of the contaminated samples as well as to extract their
common features for image representation. However, in SSAE, the
training set that trained the network was directly partitioned from
the whole evaluated dataset, which is not applicable from a practi-
cal view point and may also cause over-fitting problem. In contrast,
Parchami et al. [46] and Yang et al. [47] utilized the convolutional
neural networks (CNNs) to extract the deep features of input im-
ages (or image patches), and collected external face datasets in the
web to train the networks, which could benefit the generalization
ability of the deep model. Motivated by these, in this work, we also
consider to apply the pre-trained CNNs to generate high-semantic
features for the gallery and query samples, and explore the feasi-
bility of combining our RHDA with the deep features to address
the practical SSPP FR problem.

We highlight the contributions of our work as follows:

» We propose a new patch-based method called RHDA for single
sampler per person face recognition.

e We develop a new graph-based Fisher-like criterion to conduct
discriminant analysis across both I{-graph and LE-graph, so as
to improve the discriminative ability of patch distribution in the
learned subspace.

o We present a joint majority voting strategy to both consider the
patch-to-patch and patch-to-manifold distances for face identi-
fication.
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Fig. 2. The flowchart of the proposed RHDA method. The left blue arrows and the
right red arrows represent the flows of the DSME associated with patch-to-patch
distance metric and DMME associated with patch-to-manifold distance metric in
RHDA, respectively.

Compared with our preliminary work in [48], this paper has
made four major extensions: (1) We have improved the patch-to-
patch distance metric by additionally leveraging the contributions
of the neighboring patches at current position, to enhance the ro-
bustness against the mismatch between gallery and query sam-
ples. (2) We have further evaluated the performance of DSME with
patch-to-patch distance and DMME with patch-to-manifold dis-
tance, respectively, and compared them with that of RHDA, to ver-
ify the effectiveness of the fusion strategy, i.e, joint majority vot-
ing, in face identification stage. (3) We have analyzed the compu-
tational complexity and studied the parameter sensitivity of RHDA.
(4) We have conducted extensive experiments to evaluate the per-
formance of RHDA, and compared it with other state-of-the-art
methods, including the popular deep learning based methods on
SSPP FR.

The reminder of the paper is organized as follows. Section 2 in-
troduces the proposed RHDA method in detail. Section 3 evaluates
the performance of RHDA, and provides the experimental results.
Section 4 discusses other possible pattern recognition applications
of RHDA. Finally, Section 5 concludes the paper.

2. The proposed method

This section presents the proposed RHDA in two steps: het-
erogeneous feature extraction and face identification. For heteroge-
neous feature extraction, we first construct an intrinsic graph and
a penalty graph, then propose two discriminative manifold em-
beddings, i.e., DSME and DMME, and finally leverage a Fisher-like
criterion to generate heterogeneous discriminative subspace repre-
sentations for image patches. For face identification, we introduce
two distance metrics, i.e., patch-to-patch distance and patch-to-
manifold distance, and develop a fusion strategy to exploit the het-
erogeneous subspace representations and identify each unlabeled
query sample via a joint majority voting. As described above, the
flowchart of RHDA is illustrated in Fig. 2.

2.1. Heterogeneous feature extraction

2.1.1. Graph construction

Suppose X = [Xq, --- , Xy] € %P*N is a gallery set with N persons,
where X; is the image of the ith person. We first partition each x;
into M non-overlapping local patches with an equal size d, then
concatenate the patches column by column. For example, we de-
fine the patch set of the ith person as X;=[X;1,X;2, -+, Xjum] €
®9xM_ Subsequently, we leverage I;-graph and LE-graph to con-
struct an intrinsic graph G and penalty graph G', respectively. S%
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and S? denote the corresponding reconstruction weight and affin-
ity weight matrices in G and G/, respectively.

In the intrinsic graph G, we aim to measure the representation
ability of patches from the same person (i.e., class). Hence, we first
design a within-class dictionary for each patch (e.g., x; ;) as fol-

lows:
Aij=Xi/X;j = [Xiq1, - -~ Ximl (1)

Then, the representation coefficients of the remaining within-class
patches for x; ; can be computed as follows:

s Xj -1 X j1s

o j = argmin ||x; ; — Ajjeei |13 + |leei ;1 (2)
o j

Therefore, the within-class reconstruction weight matrix W; for the

ith person is defined as follows:

W= [Wq, - Wi, Wiyl e MM, (3)

Otfj O<p<j
b L
W, = Op,1 p=J (4)
o j<p<M,

where Wi”j denotes the pth element of W;;. Hence, S"

for whole patches over all persons can be defined as S" =
diag(Wy, -+, Wj, .-, Wy) € RMNxMN

In the penalty graph G/, we aim to measure the similarity of
patches from different persons. For each x;;, we let xf j Tepre-
sent its pth neighboring patch, and calculate the affinity weight
between x; ; and other patches as

%P |2

Wf’-: exp(—”x”a%lﬂ) ifxfje'Nk] (i) (5)

- 0 otherwise,

where N, (x;;) denote the kj-nearest between-class patches of
x; j. Then, we let W e ®MNxMN represent the affinity weight matrix
for the total MN patches by assigning the value of each \va ; into

the corresponding position. Hence, s’ in graph G’ can be directly
set as S? = W e fMNxMN,

2.1.2. Discriminative manifold embeddings

We propose discriminative single-manifold embedding (DSME)
and discriminative multi-manifold embedding (DMME), respec-
tively, as follows.

DSME: It models the whole patch set over all persons as a
single manifold. For simplicity, we define the whole patch set
as: X =[Xy, - . Kg. - Kyw] € ROMN where X, =xj.i=[gl.Jj=
q — Mi+ M. Then, on one hand, we aim to preserve the reconstruc-
tion structure of neighboring within-class patches. On the other
hand, we also expect to suppress the similarities of neighboring
patches from different classes. Formally, we can achieve the tar-
get by learning a shared projection basis U € :t¢*" for all patches
and optimizing the following two objective functions generated in
graph G and G/, respectively:

min ®"(U) = Y [U'X; - Z;S5U"%; |12, (6)
i

max ®°(U) = )" ||U"x; - U'x; %S} (7)
ij
DMME: It models the whole patch set as a collection of mul-
tiple manifolds, and supposes that patches of each subject lie in
an individual manifold. As a result, a set of N projection bases
V={V;,V,,---,Vy} will be learned for N persons. Formally, we
need to optimize the following two objective functions:
M Ik _,
maxJi (V) =Y > [IVix;; _Vl?-xfjnlz:wi,j’ (8)
j=1p=1

l;-graph

Projection Basis

LE-graph

Fig. 3. Illustration of the Fisher-like criterion. The points with the same color (or
shape) indicate the patches from the same person, while the points with different
colors (or shapes) indicate the patches of different persons.

M
minfy (Vi) = Y [V x;; — VI X;Wi |7, 9)
j=1

where J; generated from G’ ensures that, if x; ; and xf j are close
but from different subjects, they should be separated as far as pos-
sible after projection. Moreover, J, from G is to preserve the recon-
struction relationship of the within-class neighboring patches after
projection.

2.1.3. Feature extraction via a fisher-like criterion

We develop a new Fisher-like criterion to extract discrimina-
tive features across the two heterogeneous adjacency graphs, i.e.,
l;-graph and LE-graph. Specifically, it aims to simultaneously pre-
serve the reconstruction relationship of neighboring within-class
patches in [;-graph, while suppressing neighboring patches of dif-
ferent classes in LE-graph. We provide the illustration of the Fisher-
like criterion in Fig. 3.

Then, for DSME, Egs. (6) and (7) are first rewritten in the fol-
lowing forms:

min ®"(U) = ||(1-S")U'X|)2

— tr{UTX[1 - (§*)7](1 - $")X U}

= tr(U'XM"X U),
max ®°(U) = )" tr{[U" (X — X)) (X; — X)) U]S};}

ij

— 2tr[UTX(D" — $")X' U]

= 2tr(UTXLPX' U),
where MY = (I1-$")T(I1—S"), D? is a diagonal matrix with Dﬁ- =
Ejs?j, L’ =D’ — 8P is the Laplacian matrix.

By incorporating the proposed Fisher-like criterion, the final ob-

jective function for DSME becomes:

dPU)  trUTXLX U)
max = —,
v oYU TXMYX U)

Then, the maximization problem in Eq. (10) can be transformed to
the following generalized eigen-decomposition problem:

(10)

XU’X'U = AXM*X' U, (11)

where {A;}{_; denote the r largest positive eigenvalues with
A1 >---Ar>0, and U are the corresponding eigenvectors. Since the
dimension of patches (i.e, d) is always smaller than the number
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of total patches (i.e.,, MN), the matrices )A(Lb)A(T and iMW)A(T can be

nonsingular and the eigen-problem in Eq. (11) will be solved sta-

bly. For the extreme case that d > MN, we will adopt the SVD+LGE

(Linear Graph Embedding) approach [49] to stably solve the above

eigen-problem. After obtaining the shared projection basis U, the

subspace representation for each patch x; ; is defined as UTx; j
For DMME, we define the Fisher-like criterion as

N
maxJ(V) = > (Vi) = L2 (V). (12)
i=1
J1(V;) and J,(V;) can be simplified as follows:
Mk _
TV = (VI Dk = X2 (% — X7 )W 1V;)
j=1 p=1
= tr(V{H,V)),
M
(V) = tr{v] D Xij— XiWi j) (%i j — XiW; )TV
j=1
= tr(V{H,V)),
where
Mk _
Hi=) ) (xij—xP) (i —xI)TW ), (13)
j=1p=1
M
H; = Z(Xi,j - XiW; ;) (x;; — X;W; )T (14)
j=1

Note that the N projection bases are independent and thus J(V)
can be simply computed as the sum of N subfunctions J; (V;) —
Jo(V;) of each V;, which can be separately solved via the follow-
ing eigen-decomposition problem:

(H1 - H2)V = AV. (15)

Let vi, vy, -+, vy, be the eigenvectors corresponding to the
d; largest positive eigenvalues {)Lj};l":] with A >---224 >0.
Then, the projection basis for the ith class is indicated as V; =
[vi,vg, - ,vdi], and the subspace representation for each patch
X; j is represented as V,-Txi’ je

Fig. 4 illustrates the partitioned image patches of six face sub-
jects (each image is partitioned into 64 patches) from FERET
dataset in the original manifold, and the subspaces learnt by
DMMA [23], SDMME [31] and our DMME. For the sake of observa-
tion, we utilize the powerful visualization tool, i.e., t-SNE [50], to

show the resulting map as a three-dimensional plot. From Fig. 4, it
can be observed that:

o First, the patches in the original manifold are rather scattered,
and there is a high overlapping among the manifolds corre-
sponding to different subjects.

Second, the scattering of patches in the subspaces from DMMA

and SDMME are better than those in the original manifold, but

there are still a small amount of overlapping patches among
different subjects.

o Third, there is a clear separation for the patches of different
subjects in the subspace learnt by our DMME, and the separa-
bility between different class clusters are better than those in
DMMA and SDMME.

The inspiring results empirically verify the rationality of the
Fisher-like criterion, and also demonstrate its superior discriminant
ability over the graph-based Fisher criteria adopted in DMMA and
SDMME methods.

2.2. Face identification

In this section, we introduce the patch-to-patch and patch-to-
manifold distances, and present a fusion strategy based on the two
distance metrics for identification.

2.2.1. Patch-to-patch distance

Given a query face sample y, we partition it into M non-
overlapping local patches {y;,¥,,---.,yy}. Subsequently, inspired
by PCRC [29], we introduce the patch-to-patch distance as the first
distance metric, and utilize regularized least square to identify each
query patch y;. Specifically, we apply the shared projection basis
U € 529" generated by DSME to project y; and each patch x; ; of
the same position in the gallery set into a common subspace, and
construct a local patch dictionary D; as:

D, =[U'X - UTX; - UTxy ] € 9™, (16)

where UTxi_ ;j denotes the subspace representation for the jth patch
of the ith person in the gallery set.

To further enhance the representation ability of the local dic-
tionary D; and to better handle the mismatch (e.g., misalignment
or pose variation) between gallery and query samples, we extract
the neighboring patches of x; ; at current position to supplement
the local dictionary D;. Considering the facts that 1) large value of
neighborhood size will introduce lots of irrelevant patches into the
gallery patch dictionary to degrade the recognition performance,
and 2) increase the recognition time cost, we thus set the value
of the neighborhood size to be 1 in the following experiments.
Specifically, the extraction strategy is presented as follows (refer
to Fig. 5):

o First, as shown in Fig. 5(a), when X; ; lies in the corner of the
image, the neighboring 3 patches are extracted.

» Second, as shown in Fig. 5(b), when x; ; lies in the edge (not the
corner) of the image, the neighboring 5 patches are extracted.

» Third, as shown in Fig. 5 (c), when x; ; does not lie in the edge
of the image, the neighboring 8 patches are extracted.

Consequently, with such a dictionary expansion, the stability
and robustness of the patch-to-patch distance metric can be im-
proved.

Next, for UTyj, its representation coefficients over D; are com-
puted by

Pj =Elr‘»‘zpmifl{||UTyj—Dj/01||2 +Allosl2}, (17)
]

where p; =[p;1; Pj2; - ; Pjn]. Hence, the identification output of
the query patch y; is defined as:

Uy = arglfnin{HUTyj —DjPikll*/ 10k ll?}. (18)

2.2.2. Patch-to-manifold distance

Furthermore, we introduce the patch-to-manifold distance as
the second distance metric, which targets to measure the recon-
struction capability of the reference manifold. As depicted in
DMME, the patch set X; for the ith person is treated as an individ-
ual manifold. Then, the distance between the query patch y; and
X; can be computed by

d(y;, X;) = min |V]y; - £;2,¢,G}, (V{y))II’, (19)
where V; e %19%di is the projection basis generated by DMME,
G,’jz (ViTyj) denotes the pth member of k,-nearest neighbors of ViTyj

in VIX;, and c, represents the reconstruction coefficient corre-
sponding to Gf(’z (ViTyj). For this distance metric, the identification
output of the query patch y; is computed by

L’(yj) = arglmin ay;. Xp). (20)
K
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Fig. 4. Visualization of patch distributions in the (a) original manifold, and subspaces learnt by (b) DMMA, (c) SDMME and (d) our DMME.

(a)

2.2.3. Joint majority voting

In the final stage, we aim to identify the unlabeled query sam-
ple y by exploiting the identification outputs of all the query
patches {y;.¥,.--.yy}. One should note that Lf (y;) and I°(y;)
obtained by two distance metrics may be different. Therefore, it
would be difficult to decide which output should be adopted. To
this end, we thus present a fusion strategy by leveraging both the
outputs of two distance metrics and determine the final label of
the query sample via a joint majority voting. Moreover, in the joint

(b)

(©)

Fig. 5. Extraction strategy of neighboring patches for expanding the local dictionary D. The highlighted box indicates the position of the patch x;;.

majority voting, we attempt to expand the voting rights from the
top-1 predicted label to the top-k predicted label set for the two
distance metrics, as it is believed that the correct label of the query
patch is more likely to lie within the top-k predicted label candi-
dates.

Specifically, we let {Lif (y]-)}iT;1 and {L} (yj)}iTi1 be the top-T; and
top-T, predicted label set for the query patch y; from the patch-
to-patch and patch-to-manifold distance metrics, respectively, and
define vote/, votes € %N as the initial zero vectors. Then, the label
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of the query sample y, i.e., L(y) € %V, can be determined using the
joint majority voting presented in Algorithm 1.

Algorithm 1 Joint majority voting.

Require: {Llf(yj)}il,jz 1,---,M; {Lf(Yj)},-Tipf: 1,.--,M; zero
vectors vote/, votes e N

Ensure: L(y) e ®N

1: for j=1:M do

2: fori=1:T; do

3 vote/ (L{ (¥)) = vote/ (Llf () +1

4 end for

5: fori=1:T, do

6

7

vote® (L} (y;)) = vote* (L} (y;)) + 1
end for
8: end for
9: L(y) = arg man(VOtef(k) + VOtes(k)), k=1,---,N

In fact, the proposed joint majority voting can be interpreted as
a special case of ensemble learning involving two weak classifiers,
i.e.,, DSME with patch-to-patch distance and DMME with patch-to-
manifold distance. When facing with simplex facial variations such
as expression, slight illumination and disguises, the votes for the
correct label can be further reinforced in this fusion since the two
distance metrics are both robust against these variations. Moreover,
when facing with other challenging facial variations such as mis-
alignment, pose and severe illumination, or the combinations of
multiple variations, maybe not both of the voting vectors for patch-
to-patch and patch-to-manifold distance metrics would be discrim-
inative. However, the fusion of the two distance metrics can still
(1) generate complementary information, and (2) increase the er-
ror tolerance, for identification, which is believed to achieve more
stable and better performance than that using any of single dis-
tance metric.

3. Experimental results

In this section, five experiments in total in the subsequent sub-
sections are performed to show the effectiveness of the proposed
RHDA method. Specifically, in Section 3.1, we evaluate the per-
formance of RHDA for FR with SSPP, on AR, FERET, CAS-PEAL, E-
YaleB and Multi-PIE datasets. In Section 3.2, we evaluate the perfor-
mance of the two discriminative manifold embeddings, i.e., DSME
and DMME, respectively, and verify the effectiveness of the joint
majority voting for face identification. In Section 3.3, we study the
parameter sensitivity of RHDA. In Section 3.4, we analyze the com-
putational complexity of RHDA. Lastly, in Section 3.5, we evaluate
the performance of RHDA by combining it with the deep learning-
based features on the unconstrained Labeled Faces in the Wild
(LFW) dataset. All experiments are carried out on a host (CPU: Dual
4-core Intel Xeon X5570 2.93GHz 8MB L3 Cache, RAM: 32GB).

3.1. Performance of RHDA for SSPP FR

In this experiment, our purpose is to evaluate the performance
of our RHDA for FR with SSPP. Subsequently, we perform FR ex-
periments on five popular benchmark face datasets, including AR,
FERET, CAS-PEAL, E-YaleB and Multi-PIE datasets.

Comparing algorithms: We compare our RHDA with 13 rep-
resentative holistic and local methods that are used to address
the SSPP FR problem, including PCA [51], (PC)2A [52], 2DPCA [53],
laplacianfaces [54], representation-based classifiers, i.e.,, SRC and
CRC, virtual sample-based method, i.e., SVD_LDA, generic learning
methods, i.e., ESRC, and the state-of-the-art SVDL and CPL, and
patch-based methods, i.e., DMMA and the state-of-the-art PCRC
and SDMME. Among the 13 comparing methods, i.e., PCA, (PC)%A,

2DPCA, Laplacianfaces, SVD_LDA, SRC, CRC, ESRC, PCRC, DMMA,
SDMME, SVDL and CPL, we have implemented (PC)2A, SVD_LDA,
DMMA, SDMME and CPL by ourselves, and the codes of other 8
methods are obtained from the original authors.

Parameter setting: In SSPP FR experiments, the face images
were resized to 48 x 48 pixels on AR, FERET, CAS-PEAL and E-YaleB
and Multi-PIE datasets. For (PC)2A, the weighting parameter o was
set as 0.25. For SVD_LDA, the first three singular values and the
corresponding singular vectors were applied to synthesize virtual
samples. For laplacianfaces, the number of nearest neighbors k was
selected as 3 to construct the adjacency graph. For all the patch-
based methods such as PCRC, DMMA, SDMME and our RHDA, the
non-overlapping patch size was set as 8 x 8 pixels for a fair compar-
ison. In addition, the other values of parameters kq, k5, k, and o in
DMMA were empirically tuned to be 30, 2, 2, and 100, respectively.
For SDMME, the [;-Is toolbox was used to solve its [;-minimization
problem as suggested in [31], and the balance factor A was tuned
to be 0.001. For SRC, CRC, PCRC, ESRC, the values of the regular-
ization parameter A were searched from {0.001, 0.005, 0.01, 0.05,
0.1} to achieve the best results over five evaluated datasets. For
SVDL and CPL, the parameters were set according to the sugges-
tions in [20] and [28], respectively. Specifically, the parameters A{,
Ao and A3 of SVDL were set to be 0.001, 0.01 and 0.0001, respec-
tively, and the parameters A, 8¢, 85, T and 7, of CPL were set
to be 0.01, 0.3, 3, 1.618, 1.618, respectively. As to our RHDA, the
value of the parameter k; in Eq. (8) was empirically set as N (the
number of gallery subjects), k, in Eq. (19), A in Eq. (17), and o
in Eq. (5) were fixed as 2, 0.001, and 1, respectively. The values of
the combinations of T;&T, in joint majority voting were fixed as
T; =T, =1 over five evaluated datsets except two cases on FERET
and E-YaleB datasets, where we will describe their settings in the
following experiments.

3.1.1. Evaluation on AR dataset

The AR dataset [55] consists of over 4000 frontal face images
of 126 people from two sessions, and each session has 13 face
images per subject, which involve different variations of facial ex-
pressions, illuminations and disguises (i.e., sunglasses and scarf).
Following the setting in [18], the first 80 subjects from Session-
1 were used for evaluation, while another 20 subjects were ran-
domly selected from the remaining set in the same Session as the
generic set for generic learning methods. The standard face im-
ages taken with neutral expression and under uniform illumination
were selected to form the gallery set, while the rest 12 images of
each subject were arranged to form 5 probe sets b-f (i.e., expres-
sion, illumination, sunglasses+illumination, scarf+illumination and
disguises). Furthermore, to make the experiment more challenging,
we designed a new probe set g by adding random block occlusion
(i.e., 30% occlusion) into the expression probe set. The gallery sam-
ple and the 6 probe sets of one subject on AR dataset are shown
in Fig. 6.

Table 1 lists the recognition results of all the methods on AR
dataset. From Table 1, we have the following observations. First,
RHDA achieves the best recognition performance in all cases we
have tried (prob sets b-g). Second, RHDA outperforms the state-of-
the-art generic learning CPL and SVDL methods. For example, for
the variations in expression (probe set b) and disguises&occlusion
(probe sets d-g), RHDA improves the recognition accuracies of CPL
by 11.66%, 14.58%, 29.17%, 17.75% and 22.91%, respectively. In ad-
dition, for the variation with simplex illumination (probe set c),
although SVDL and CPL have already achieved quite high perfor-
mance (i.e., 94.58%), RHDA still outperforms these methods and
obtains 97.00% recognition accuracy. Third, RHDA consistently out-
performs the state-of-the-art patch-based PCRC method. Specifi-
cally, compared with PCRC, RHDA delivers 10.83%, 4.00%, 16.67%,
16.25%, 6.88% and 15.83% of improvements in probe sets b-g, re-
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Fig. 6. The gallery and probe samples of one subject on the AR, FERET, CAS-PEAL, E-YaleB, Multi-PIE and LFW-a datasets, respectively.

Table 1

Recognition accuracy (%) on AR dataset (Best; Second Best).
Methods Probe set b  Probe set ¢  Probe set d  Probe set e  Probe set f  Probe set g
PCA [51] 78.75 62.92 3333 10.42 38.75 32.08
(PC)?A [52] 79.17 60.00 37.08 10.00 35.00 20.58
2DPCA [53] 83.33 68.33 38.33 12.50 40.00 26.25
Laplacianfaces [54]  77.08 73.75 45.83 15.83 48.13 2417
SVD_LDA [25] 75.52 55.00 38.33 14.58 40.63 33.75
SRC [16] 85.42 77.08 46.67 24.58 53.75 39.58
CRC [17] 82.92 76.67 45.00 27.08 54.37 33.33
ESRC [19] 83.33 93.75 76.25 60.00 76.25 44.58
PCRC [29] 86.25 93.00 79.58 79.17 92.50 51.25
DMMA [23] 84.17 56.42 48.75 4417 74.38 55.83
SDMME [31] 85.42 58.83 50.42 45.42 76.25 55.42
SVDL [20] 84.58 94.58 80.83 62.83 8137 43.75
CPL [28] 85.42 94.58 81.67 66.25 81.63 4417
RHDA 97.08 97.00 96.25 9542 99.38 67.08

spectively. Forth, the recent patch-based methods such as DMMA
and SDMME perform poor under the variations containing illu-
mination (probe sets c-e). However, compared with the holistic
representation-based classifiers such as ESRC, CRC and SRC, SD-
MME and DMMA have shown to be more robust against the ran-
dom block occlusion (prob set g). Fifth, as to the other holistic
methods like laplacianfaces, SVD_LDA, (PC)2A and 2DPCA, they ac-
quire similar recognition results with PCA in most cases.

3.1.2. Evaluation on FERET dataset

The FERET dataset [56] is sponsored by the US Department of
Defense through the DARPA Program, and consists of 14,126 im-
ages from 1199 subjects. In this experiment, we aim to evaluate
the robustness of RHDA against the facial variations of poses, illu-
minations and expressions on FERET dataset. To this end, we se-
lected 700 face images of 100 subjects from seven subsets (ba,
bj, bk, bd, be, bf and bg) on FERET dataset. Following the strat-
egy on AR dataset, we also utilized the first 80 subjects for evalu-
ation, while the remaining 20 subjects were chosen as the generic
set. The neutral images of all subjects were used to construct the
gallery set, and the rest 6 images were arranged to form 3 probe

sets b-d (i.e., expression, illumination and poses). Please note that,
the values of T;&T, of RHDA for probe set d were empirically set
as Ty =1, T, = 10. The gallery sample and the 3 prob sets of one
subject on FERET dataset are shown in Fig. 6.

Table 2 presents the recognition results of all the methods on
FERET dataset. It is clear that RHDA again performs the best in the
three cases. For example, compared with the second best method
in each case, RHDA improves the recognition accuracies by 2.87%,
5.62% and 6.56%, respectively. Furthermore, we are interested to
find that, the performance of PCRC degrades seriously for the vari-
ance of pose (prob set d). It may be because that, the pose varia-
tions always result in mismatch of the corresponding patches, and
simply considering the patch-to-patch distance may lead PCRC to
make misjudgment when identifying a query patch. By contrast,
our RHDA exhibits greater robustness against pose variation as well
as other facial variations compared with PCRC and other compar-
ing methods owing to two important factors. On the one hand, the
Fisher-like criterion in RHDA can extract highly discriminant in-
formation hidden in partitioned patches and meanwhile improves
the discriminative ability of patch distribution in underlying sub-
spaces; on the other hand, RHDA considers both the patch-to-patch
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Table 2
Recognition accuracy (%) on FERET dataset (Best; Second Best).
Methods Probe set b Probe set ¢ Probe set d
PCA [51] 72.50 73.75 48.44
(PC)%A [52] 75.62 68.13 44.69
2DPCA [53] 7813 75.00 51.56
Laplacianfaces [54] 72.50 71.25 22.81
SVD_LDA [25] 70.00 63.75 30.00
SRC [16] 75.00 72.50 4313
CRC [17] 7438 73.75 41.56
ESRC [19] 81.25 80.00 48.13
PCRC [29] 7750 76.25 21.25
DMMA [23] 81.25 52.50 49.69
SDMME [31] 82.50 52.50 54.69
SVDL [20] 84.38 80.63 54.37
CPL [28] 83.75 79.37 50.06
RHDA 87.25 86.25 61.25
Table 3
Recognition accuracy (%) on CAS-PEAL dataset (Best; Second Best).
Methods Probe set b Probe set ¢
PCA [51] 70.33 2711
(PC)?A [52] 70.44 24.22
2DPCA [53] 73.11 27.56
Laplacianfaces [54] 66.44 44,00
SVD_LDA [25] 69.78 39.33
SRC [16] 7711 37.78
CRC [17] 78.22 59.78
ESRC [19] 81.78 65.56
PCRC [29] 64.89 66.89
DMMA [23] 71.00 38.44
SDMME [31] 70.78 36.00
SVDL [20] 84.00 63.11
CPL [28] 82.89 69.33
RHDA 85.33 85.56

and patch-to-manifold distances via joint majority voting, which
can generate complementary information and increase the error
tolerance for identification.

3.1.3. Evaluation on CAS-PEAL dataset

The CAS-PEAL dataset [57] contains 99,594 images of 1040 sub-
jects (595 males and 445 females) with variations including ex-
pression, facing direction, accessory, lighting, age, etc. In this ex-
periment, we aim to further evaluate the performance of RHDA
under facial occlusions, as CAS-PEAL is considered to be the largest
public dataset with occluded face images available. We utilized 200
subjects from the Normal and the Accessory categories of CAS-
PEAL, thus each subject has 1 neutral image, 3 images with differ-
ent glasses and 3 images with different hats. The first 150 subjects
were used for evaluation, and another 50 subjects were selected
as the generic set. The neutral images of all subjects were used
to construct the gallery set, and the rest 6 images were arranged
to form 2 probe sets b-c (i.e., glasses and hats). The gallery sam-
ple and the 2 probe sets of one subject on CAS-PEAL dataset are
shown in Fig. 6.

Table 3 lists the recognition results of all the methods on CAS-
PEAL dataset, where we can observe that RHDA still performs the
best in both cases. Please note that, in CAS-PEAL dataset, except
the glasses and hats disguises, there could also exist some slight
misalignments because of the manually cropping. Moreover, the
hats in some face images would bring about illumination variations
or even shadows that hinder recognition (see Fig. 6). Consequently,
the patch-based methods such as SDMME and DMMA perform
poor in both cases. In contrast, the holistic generic learning meth-
ods such as CPL, SVDL and ESRC are less sensitive to illuminations
and shadows, and obtain good results on CAS-PEAL by introduc-

Table 4

Recognition accuracy (%) on E-YaleB dataset (Best; Second Best).
Methods Probe set b Probe set ¢  Probe set d
PCA [51] 93.17 62.92 25.36
(PC)?A [52] 53.75 68.13 23.57
2DPCA [53] 61.25 75.00 25.36
Laplacianfaces [54] 64.17 71.25 22.50
SVD_LDA [25] 85.00 27.08 14.64
SRC [16] 96.67 56.67 15.00
CRC [17] 95.83 52.50 15.00
ESRC [19] 99.83 95.33 61.43
PCRC [29] 100.00 93.33 66.43
DMMA [23] 99.17 41.67 17.14
SDMME [31] 99.17 39.83 15.43
SVDL [20] 100.00 98.58 71.07
CPL [28] 100.00 98.33 70.71
RHDA 100.00 99.17 74.29

ing the supplementary information (e.g., facial variations of wear-
ing similar glasses or hats) from the generic set to help predict the
query variations. Nevertheless, benefiting from the Fisher-like cri-
terion and the joint majority voting strategy, RHDA still achieves
promising recognition performance and outperforms the state-of-
the-art generic learning CPL and SVDL methods even without the
help of auxiliary generic set. The inspiring results demonstrate the
effectiveness of RHDA when handling combinations of multiple fa-
cial variations.

3.14. Evaluation on E-YaleB dataset

The Extended YaleB (E-YaleB) dataset [58] consists of 2414 im-
ages of 38 subjects under various illumination conditions, which
can be divided into five subsets (i.e., 7, 12, 12, 14 and 19 images per
subject). Subset 1 is under normal illumination condition (light-
ing angle: 0°-12°), Subsets 2-3 describe slight-to-moderate lumi-
nance variations (lighting angle: 13°-25° and 26°-50°), and Sub-
sets 4-5 characterize severe illumination variations (lighting an-
gle: 51°-77° and > 77°). In this experiment, we aim to test the
performance of RHDA under different illumination angles. There-
fore, we selected the first 20 subjects for evaluation, and the
rest 18 subjects were used as the generic set. The first image
of each subject in Subset 1 was chosen as the gallery sample,
while the samples in Subsets 2-4 were formed as 3 probe sets
b-d. It is worth mentioning that, in probe set d, the values of
T1&T, of RHDA were set to be T; =5, T, = 1. The gallery sample
and the 3 probe sets of one subject on E-YaleB dataset are shown
in Fig. 6.

Table 4 shows the recognition results of different methods on
E-YaleB dataset. We can observe that, as the illumination angle in-
creases, the performance of all the methods will degrade in dif-
ferent degrees. However, our RHDA still achieves the best perfor-
mance in the three cases, and performs slightly better than the
generic learning methods such as CPL and SVDL. Besides, we are
interested to find the patch-based DMMA and SDMME suffer heavy
performance decline under large illumination angle (i.e., prob set
d), while the patch-based PCRC could maintain relative good re-
sults in this case. The plausible reason is that, both of DMME and
SDMME are based on the patch-to-manifold distance, which may
perform instable under large global variations such as severe il-
luminations; while PCRC leverages the patch-to-patch distance for
identification, and this distance metric can be robust against such
challenging variations. Moreover, RHDA improves 4.57%, 39.68%
and 38.49%, w.r.t. the average recognition rates, over PCRC, SD-
MME and DMMA, respectively, which also explains that the fusion
of the patch-to-patch and patch-to-manifold distance metrics can
enhance the performance compared with that of using any single
distance metric.
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Table 5

Recognition accuracy (%) on Multi-PIE dataset (Best; Second Best).
Methods Probe set b Probe set ¢ Probe set d
PCA [51] 50.42 46.67 51.67
(PC)?A [52] 45.42 68.13 49.17
2DPCA [53] 50.42 46.67 51.67
Laplacianfaces [54] 47.50 71.25 44,58
SVD_LDA [25] 46.67 43.75 45.83
SRC [16] 55.42 53.75 56.67
CRC [17] 60.42 4833 52.92
ESRC [19] 67.50 61.67 61.67
PCRC [29] 72.92 80.42 67.50
DMMA [23] 66.25 65.83 63.75
SDMME [31] 60.17 61.00 60.17
SVDL [20] 73.75 65.83 66.67
CPL [28] 72.50 65.42 67.50
RHDA 8542 92.92 7542

3.1.5. Evaluation on Multi-PIE dataset

The Multi-PIE dataset [59] is a comprehensive face dataset of
337 subjects with each containing faces images across 6 expres-
sions (i.e., neutral, smile, surprise, squint, disgust and scream) in 4
different sessions, 15 poses, and 20 illuminations. In this subsec-
tion, we aim to evaluate the robustness of RHDA against different
expressions in different shooting scenarios. Hence, in the experi-
ment, we selected 120 subjects in expression subset of 4 different
sessions, where the first 80 subjects were used for evaluation and
the rest 40 subjects were used as generic set. The neutral image
of each subject in session 1 was chosen as gallery sample, while
the rest 9 images were formed as three probe sets b-d. The gallery
sample and the 3 probe sets of one subject on Multi-PIE dataset
are also illustrated in Fig. 6.

Table 5 presents the results of all the methods on Multi-PIE
dataset. On this dataset, all the comparing patch-based methods
including PCRC, SDMME and DMMA are observed to achieve good-
ish performance for probe sets b-d, which are comparable with or
even better than that of the state-of-the-art generic learning meth-
ods such as CPL and SVDL. This is because the patch-to-patch dis-
tance metric in PCRC, and the patch-to-manifold distance metric in
SDMME&DMMA are both robust against the local variations (e.g,
expressions) in the three cases, even though the shooting sessions
have been changed. In a similar fashion, it is believed that the fu-
sion of the two distance metrics in our RHDA can further reinforce
the discriminative ability of the joint voting results, thus making
the predicted label in recognition stage more correct and reliable.
Such analysis can be empirically verified by the superior perfor-
mance of our RHDA in Table 5, where RHDA has delivered obvious
improvements of 11.67%, 12.50% and 7.92% over the second best
method in the three cases, respectively.

3.1.6. Summary

o RHDA consistently achieves promising recognition performance
in all cases on AR, FERET, CAS-PEAL, E-YaleB and Multi-PIE
datasets, which confirms the effectiveness of RHDA when deal-
ing with complex facial variations in query samples.

o Compared with the state-of-the-art patch-based methods such
as PCRC and SDMME, RHDA greatly enhances the recognition
performance in all cases over five evaluated datasets, especially
for occlusions and pose variation.

o Even without the help of auxiliary generic set, the patch-based
RHDA still outperforms the state-of-the-art generic learning
CPL and SVDL methods in almost all cases over five evaluated
datasets.

3.2. Performance of DSME and DMME for SSPP FR

In this subsection, we evaluate the recognition performance of
DSME and DMME on AR, FERET, CAS-PEAL, E-YaleB and Multi-PIE

datasets, respectively. Note that, for DSME, the improved patch-
to-patch distance is used for identification; while for DMME, the
patch-to-manifold distance is employed. In the experiment, we
first verify the effectiveness of the improved patch-to-patch dis-
tance, by comparing the performance of our DSME in this paper
with that of DSME in [48] (using original patch-to-patch distance
metric) over five evaluated datasets. As shown in Fig. 7, through
extracting the neighboring patches in gallery samples to expand
the local dictionary, the improved patch-to-patch distance metric
enables DSME to perform better than DSME in [48]. Specifically,
DSME improves the average recognition accuracies over DSME
in [48] by 9.42%, 7.04%, 5.99%, 5.43% and 17.00% on AR, FERET, CAS-
PEAL, E-YaleB and Multi-PIE datasets, respectively.

Moreover, we further test whether the joint majority voting
combining the patch-to-patch and patch-to-manifold distance met-
rics can further enhance the robustness against complex query
variations. To this end, we compare the performance of DSME,
DMME and their fusion, i.e, RHDA, over five datasets in Table 6.
It can be observed that, each of DSME and DMME has its own
advantages and could handle different variations. For example,
DSME shows greater robustness against illumination compared
with DMME, but is more sensitive to pose variation and misalign-
ment. Nevertheless, by reasonably combining the patch-to-patch
distance metric in DSME and the patch-to-manifold distance met-
ric in DMME via the joint majority voting, RHDA can take advan-
tages of the two distance metrics to further enhance the robust-
ness and achieve the best recognition performance in all probe
cases over five evaluated datasets.

3.3. Parameter sensitivity study

This subsection studies the sensitivity of the parameters of our
RHDA model. Note that the parameter o in Eq. (5) has little effects
on the performance of RHDA over five datasets, we thus show the
results of the remaining parameters such as k; in Eq. (8), ky in
Eq. (19), A in Eq. (17), the combinations of T{&T, (T, T, > 0), and
the patch size. Figs. 8-12 show the effects of kq, k; and A on the
recognition accuracies of RHDA over AR, FERET, CAS-PEAL, E-YaleB
and Multi-PIE datasets, respectively. It can be seen that the recog-
nition performance of RHDA is insensitive to the selection of the
above three parameters, when the values of kq, k, and A are set
within the ranges from N/4 to 4N, 1 to 5, and 0.001 to 0.01, re-
spectively.

Fig. 13(a)-(0) illustrate the effects of the combination of T;&T,
on 15 cases over five evaluated datasets, where we can observe
that the performance of RHDA changes little when tuning the com-
binations of T;&T, in most cases on the five datasets. However, in
few special cases, slightly expanding the value of T; or T, helps en-
hance the performance of RHDA. For example, for probe set d (i.e.,
pose variation) on FERET, increasing the value of T, could boost
the performance of RHDA. It is because that patch-to-manifold dis-
tance metric is robust against the misalignments and pose vari-
ations, while patch-to-patch distance metric is not stable in this
case due to the mismatch of the corresponding patches. In con-
trast, for probe set d (illuminations angles: 51°-77°) on E-YaleB,
increasing the value of T; could benefit the final performance, as
patch-to-patch distance metric is more robust against severe illu-
minations compared with patch-to-manifold distance metric.

Moreover, we empirically probe the effect of patch size on
the accuracy of RHDA. The performance of RHDA using patches
with different sizes on AR, FERET, CAS-PEAL, E-YaleB and Multi-PIE
datasets are shown in Fig. 14, where we can see that RHDA is, to
some extent, sensitive to the patch size. However, we also notice
that RHDA always performs the best when the patch size is chosen
as 8 x 8. A plausible explanation is that, the 8 x 8 patches usually
cover the semantically meaningful parts of the face (taking 48 x 48
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Table 6

The comparisons of DSME, DMME and RHDA under various types of variations. For each tested case, the method with
the highest performance is marked with “1st” to indicate the most robust method, and the latter two are marked
with “2nd” and “3rd”, respectively, according to their performance.

Variation factors

DSME DMME RHDA

Expression

[llumination

Disguise
Pose
Expression + Illumination

Expression + Block occlusion

Sunglasses + Illumination
Scarf + Illumination
Glasses + Misalignment
Hats + Shadow

Expression + Illumination + Pose

probe set b on AR

probe set b on FERET
probe set c on AR

probe set ¢ on FERET
probe set b on E-YaleB
probe set c on E-YaleB
probe set d on E-YaleB
probe set f on AR

probe set d on FERET
probe set b on Multi-PIE
probe set ¢ on Multi-PIE
probe set g on AR

probe set d on AR

probe set e on AR

probe set b on CAS-PEAL
probe set c on CAS-PEAL
probe set d on Multi-PIE

92.17% (3rd)

80.00% (3rd)
94.50% (2nd)
83.00% (2nd)
99.87% (2nd)
98.75% (2nd)
72.79% (2nd)
93.88% (2nd)
35.31% (3rd)

80.50% (2nd)

92.50% (2nd)
81.25% (2nd)
63.33% (3rd)
57.50% (3rd)
99.58% (3rd)
43.67% (3rd)
18.83% (3rd)
90.62% (3rd)
53.44% (2nd)
72.08% (3rd)

97.08% (1st)
87.25% (1st)
97.00% (1st)
86.25% (1st)
100.00% (1st)
99.17% (1st)
74.29% (1st)
99.38% (1st)
61.25% (1st)
85.42% (1st)

85.08% (2nd)  77.08% (3rd)  92.92% (1st)
60.67% (2nd)  55.42% (3rd)  67.08% (1st)
9233% (2nd)  73.33% (3rd)  96.25% (1st)
90.67% (2nd)  6833% (3rd)  95.42% (1st)

71.22% (3rd)
78.11% (2nd)
72.50% (2nd)

81.56% (2nd)
44.89% (3rd)
67.50% (3rd)

85.33% (1st)
85.56% (1st)
75.42% (1st)

face image for example), like the eyes, the lips, the nose, and these
partitioned patches could possess the most informative and dis-
criminative information for identification. It is worth noting that,
in practical applications, the optimal patch size is also affected by
the aligning and cropping way of face images as well as the final
cropped size.

3.4. Computational complexity analysis

In this subsection, we briefly analyze the computational com-
plexity of the training phase in our RHDA model, which involves
two heterogeneous discriminative embeddings called DSME and
DMME, respectively. Let N be the number of samples in the

training set, and each sample image is partitioned into M non-
overlapping local patches with an equal size d. The sparse op-
timization problem in Eq. (2) of the graph construction step is
solved via the basis pursuit de-nosing (BPDN)-homotopy algo-
rithm [60], and the number of iterations is denoted as t. For
DSME, the complexities of computing the within-class reconstruc-
tion weights and the between-class affinity weights in graph con-
struction step can be O(td2N + tdMN) [61] and O(d(MN)?), respec-
tively. Besides, the solving of the eigen-problem in Eq. (11) requires
O((MN)3) [49]. Let Q = MN, then the time complexity of DSME can
be O(td?N + tdQ + dQ? + Q3). For DMME, its major difference with
DSME lies in the representation generation step, which involves N
independent eigen-problems in Eq. (15) and costs time of O(NM?3)
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Table 7
Training time (in seconds) used by different meth-
ods on AR dataset.

Methods Training time
CPL [28] 0.9133
DMMA [23] 41767

SVDL [20] 75.1430
SDMME [31] 136.8938
RHDA 11.4568

in total. Hence, the time complexity of DSME is O(td?N + tdQ +
dQ2 + QM?). Overall, since DSME and DMME in our RHDA model
can be executed parallelly, the time complexity of RHDA can be
O(td?N + tdQ + dQ? + Q3). Furthermore, the memory complexity
of RHDA is O(MN(d + MN)).

We also list the training time of the proposed RHDA method,
and compare it with the other four popular SSPP FR methods, in-
cluding two generic learning methods, i.e., CPL and SVDL, and two
patch-based methods, i.e., DMMA and SDMME. Table 7 shows the
time spent on the training phase by these methods, where the
MATLAB R2016a software and AR dataset were used.

From Table 7, we can observe that, the training time of RHDA
is not the most one, and is far less than that of SVDL and SDMME.
A plausible reason is twofold: First, compared with SVDL, RHDA
needs not perform time-consuming dictionary learning on the
generic set. Second, compared with SDMME, the Fisher-like crite-
rion enables RHDA to avoid the computation of the reconstruction-
based weights for the numerous between-class image patches,
which would save much time.

Please note that, as the training phase is always an offline pro-
cess in practical applications, the testing time thus becomes the
key metric to measure the reality of one method. Hence, we fur-
ther record the testing time of the proposed RHDA method. On
average, the testing time of RHDA is 0.3245 s', which is less than
the acceptable 0.5 s. In a nutshell, the computational time of RHDA
will not limit its applications from the practical viewpoint.

3.5. Evaluation on LFW dataset with deep features

The LFW dataset [62] consists of the faces of 5749 subjects in
unconstrained environment. The face images collected under the
unconstrained environment with inaccurate alignment make the
LFW data extremely challenging for face verification, let alone FR

T As the expanded gallery patch dictionary for the patch-to-patch distance can be
prepared in advance before the identification stage, we thus not count its time cost
in the testing time.

(c) are the recognition accuracies of RHDA versus the parameters kq, k, and A on Multi-PIE dataset. k; varies from N/4 to 4N (N indicates the number of

with SSPP. In this experiment, we further evaluate the proposed
RHDA with the deep feature on this challenging LFW dataset. We
employ the MatConvNet [63] toolbox, with a 37-layer VGG-Face
model [41] pre-trained on a very large scale dataset (2.6M im-
ages, over 2.6K subjects) being used. Since RHDA is a patch-based
method, we thus choose the feature generated from the 32th layer
and convert it to 64 x 64 tensor-based feature for RHDA. For con-
venience, the proposed RHDA method using VGG-Face deep feature
is called RHDA+VGG-Face for short.

In the experiment, we choose two deep learning based meth-
ods, i.e., DeepID [40] and Joint and Collaborative Representation
with local Adaptive Convolution Feature (JCR-ACF) [47], for com-
parison. Besides, since DMMA and SDMME are closely related to
our RHDA, we thus report the results of DMMA using VGG-Face
feature, i.e., DMMA+VGG-Face, and SDMME using VGG-Face fea-
ture, i.e, SDMME+VGG-Face, for reference. Moreover, for compar-
ative studies, we also report the recognition results of RHDA and
the other 7 comparing methods including SRC, ESRC, PCRC, DMMA,
SDMME, SVDL and CPL, using the raw pixels as feature. For the
experimental configuration, we followed the protocol in JCR-ACF,
and utilized a subset of 158 subjects with no less than 10 images
per subject from LFW-a to form the evaluation and generic sets.
The first 50 subjects were used for evaluation and the remain-
ing 108 subjects were used for generic learning. The first image
of each subject was selected as the gallery sample, and the rest 9
images were used for testing. For the deep learning based DeepID
and JCR-ACF, their parameters were set in accordance with [47].
The parameters for the other comparing methods including SRC,
PCRC, ESRC, SVDL, CPL, DMMA, SDMME, DMMA+VGG-Face and
SDMME+VGG-Face were tuned to achieve their best results. For
our RHDA&RHDA+VGG-Face, the parameters kq, ky, A, o, T; and
T, were empirically set to be 50, 2, 0.001, 1, 4 and 4, respectively.
The performance of all the methods on LFW dataset are reported
in Table 8.

From Table 8, we can observe that, with raw pixel features, no
methods achieve very high accuracy because of the extremely chal-
lenging facial variations in uncontrolled setting. Nevertheless, our
RHDA still works better than other comparing methods with im-
provements ranging from 4.67%-17.45%. Moreover, benefiting from
the VGG-Face feature, the recognition accuracy of RHDA can be sig-
nificantly enhanced from 32.89% to 87.56%, and achieves slightly
better results than that of JCR-ACF (i.e., 86.00%), the state-of-the-
art deep learning based method that addresses the SSPP FR prob-
lem. This experiment again demonstrates the discriminating power
of the deep VGG-Face feature, and provides a feasible way to ad-
dress the practical SSPP FR problem by combining our RHDA with
deep features.
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Fig. 13. The recognition accuracies of RHDA versus the combinations of parameters T;&T, on 15 cases over AR, FERET, CAS-PEAL, E-YaleB and Multi-PIE datasets. (a)-(d),

(e)-(g), (h) and (i), (j)-(1), and (m)-(o) show the results of prob sets b-e, b-d, b and ¢, b-d, b-d on AR, FERET, CAS-PEAL, E-YaleB and Multi-PIE, respectively. T; and T, both
vary from 1 to 5.
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Table 8
Recognition accuracy (%) of different methods
on LFW dataset.

Raw pixel based methods Accuracy
SRC [16] 17.11
DMMA [23] 16.22
SDMME [31] 15.44
PCRC [29] 21.78
ESRC [19] 24.00
SVDL [20] 28.22
CPL [28] 27.56
RHDA 32.89
Deep learning based methods  Accuracy
DeeplID [40] 70.70
JCR-ACF [47] 86.00
DMMA+VGG-Face 82.33
SDMME+VGG-Face 81.11
RHDA-+VGG-Face 87.56

4. Discussions

Although the proposed RHDA is specifically designed for SSPP
FR in this work, it can also be applicable to other pattern recog-
nition applications. Two typical examples are undersampled FR
[64] where each subject contains few training samples (more than
single sample), and imbalanced FR [65] where some subjects con-
tain sufficient training samples while the other subjects contain
very limited training samples or even single training sample. In
fact, the two problems can be considered as the simplified cases
of SSPP FR, because not all subjects are restricted to contain sin-
gle sample for training like SSPP FR. Under such circumstances, the
training patches of each subject would increase remarkably and
more discriminative information can be captured. Hence, It is ex-
pected that the proposed RHDA still performs well for the above
two FR tasks.

Moreover, RHDA can also be applied to the image set
based classification problems such as video-based FR under con-
strained/unconstrained conditions [66]. In this case, each frame
of the video is treated as an independent sample of this subject.
Then, the patch-based RHDA can be easily extended to the sample-
based RHDA by modeling the whole samples over all videos as
a single manifold and multiple manifolds (refer to DSME and
DMME), respectively. Thus, the video-based FR can be formulated
as a combination of sample-to-sample and sample-to-manifold
matching problem.

5. Conclusion

This paper proposes a new patch-based method, i.e., RHDA,
for FR with SSPP. The proposed RHDA has two major advantages,
so that it shows good robustness against different types of facial
variations or occlusions in the query face. The first advantage at-
tributes to the Fisher-like criterion, which is able to extract the
hidden discriminant information across two heterogeneous adja-
cency graphs, and meanwhile improve the discriminative ability of
patch distribution in underlying subspaces. The second one is the
joint majority voting strategy by considering both the patch-to-
patch and patch-to-manifold distances, which can generate com-
plementary information as well as increase the error tolerance
for identification. Experimental results on AR, FERET, CAS-PEAL, E-
YaleB, Multi-PIE and LFW datasets have demonstrated the effec-
tiveness of the proposed method in comparison with the existing
counterparts.
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