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Abstract— By integrating the merits of aerial, terrestrial, and
satellite communications, the space-air-ground integrated net-
work (SAGIN) is an emerging solution that can provide massive
access, seamless coverage, and reliable transmissions for global-
range applications. In SAGINs, the uplink connectivity from
ground users (GUs) to the satellite is essential because it ensures
global-range data collections and interactions, thereby paving the
technical foundation for practical implementations of SAGINs.
In this article, we aim to establish an accurate analytical model
for the uplink connectivity of SAGINs in consideration of the
global distributions of both GUs and aerial vehicles (AVs). Par-
ticularly, we investigate the uplink path connectivity of SAGINs,
which refers to the probability of establishing the end-to-end path
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from GUs to the satellite with or without AV relays. However,
such an investigation on SAGINs is challenging because all GUs
and AVs are approximately distributed on a spherical surface
(instead of the horizontal surface), resulting in the complexity of
network modeling. To address this challenge, this paper presents
a new analytical approach based on spherical stochastic geome-
try. Based on this approach, we derive the analytical expression of
the path connectivity in SAGINs. Extensive simulations confirm
the accuracy of the analytical model.

Index Terms— Aerial vehicles (AVs), space-air-ground inte-
grated networks (SAGINs), spherical stochastic geometry,
connectivity analysis.

I. INTRODUCTION

SATELLITES can support reliable communication services
for global-range GUs. However, implementing satellite

communications faces two challenges. First, the satellite
undertakes a huge access burden from massive GUs scattered
in a wide ground area [1]. Second, GUs (especially sensor
devices) can hardly afford long-distance connections with
satellites due to their constrained energy [2]. To address
the two challenges, a variety of aerial vehicles (AVs),
e.g., unmanned aerial vehicles (UAVs) and airships, can be
adopted as aerial relays to assist communications between GUs
and satellites [3]. Such an AV-assisted terrestrial-satellite solu-
tion has been popularly called a space-air-ground integrated
network (SAGIN).

In SAGINs, multiple AVs can be flexibly deployed to
cover GUs in global regions [4].1 As each AV can cover
multiple GUs, the number of required AVs is typically smaller
than the number of GUs [7]. In this case, the satellite can
receive most of the data from AVs, significantly reducing
the access burden at the satellite [8]. Meanwhile, GUs can
flexibly choose more paths to transmit their data, i.e., direct
transmission to a satellite or transmission via an AV relay.
Particularly, if an AV relay is available, the GU can consume
much less energy due to the shorter communication distance
to AVs compared the satellite [9].

1Advanced AVs have high reliability to realize practical communications.
For instance, the RQ-20 Puma drone [5] supports long-endurance services up
to 6.5 hours and the Black Swift S2 UAV [6] covers a wide region with a
maximum range of 110 km.
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A. Related Work

SAGINs integrate the merits of aerial, terrestrial, and satel-
lite communications, attracting extensive attention in recent
years [10], [11], [12], [13], [14], [15]. Benefited by the global
coverage and the flexibility, SAGINs can offer reliable and
supplementary services to terrestrial networks, such as media
content restoration or emergency broadcasts. To support these
services, most previous studies of SAGNs focus on downlink
transmission scenarios, i.e., the satellite disseminating data to
AVs and further to GUs [10], [11], [12]. In contrast, only
a few studies focus on the uplink transmissions scenarios,
i.e., GUs uploading their data to the satellite [13], [14], [15].
Nevertheless, the uplink transmissions from GUs to satellites
are significant as they enable the global-range data interac-
tions, thereby laying the technical foundation for practical
implementations of SAGINs.

Existing studies on uplink transmissions of SAIGNs
primarily focus on two aspects, i) exploring the resource
allocation strategies at GUs, AVs, and satellites [13], [14],
[15], [16], [17], and ii) conducting performance analysis for
different transmission links in SAGINs [18], [19]. However,
these studies typically consider a finite number of network
nodes, which is not suitable for a practical SAGIN. A practical
SAGIN generally covers a large number of GUs spreading
across a wide region. The number of GUs should be sig-
nificantly increased for the emerging Internet of things (IoT)
scenarios [20]. Meanwhile, these GUs also need to be served
by a number of AVs [21]. Therefore, it is crucial to investigate
the uplink performance of SAGINs by taking into account the
wide distributions of both GUs and AVs.

Stochastic geometry (SG) is a promising analytical approach
for investigating the uplink performance of SAGINs by con-
sidering the wide node distributions. SG is a popular approach
to studying network connectivity based on stochastic node
distributions [22], [23], [24], [25]. In this approach, network
nodes are modeled as point distribution processes, e.g., Pois-
son Point Processes (PPPs) [22] and Poisson Cluster Processes
(PCPs) [23]. Particularly, PCPs are popularly used to model
GUs in a close-to-practical scenario, i.e., GUs form clusters in
hot-spot regions. However, most previous work on SG assumes
that nodes are distributed within a flat plane [24], [25], which
is definitely not applicable for the nodes in SAGINs. Because
GUs and AVs in SAGINs are generally distributed on spherical
surfaces under high-altitude satellites.

To sum up, SG can be utilized to analyze the uplink
path connectivity in SAGINs, which refers to the statistical
probability of establishing an end-to-end path from GUs to
satellites. The uplink path connectivity is a fundamental metric
for further investigating other performance metrics, e.g., the
outage probability [22].2 Basically, once the path connectivity
is calculated, the outage probability of an uplink path can be
easily derived by using 1 to subtract the path connectivity.
However, to the best of the authors’ knowledge, no study has
been conducted on the uplink path connectivity of SAGINs.
The lack of studies on the path connectivity of SAGINs may

2In SAGINs, it is cumbersome to directly calculate the outage probability
on a multi-hop relayed path. Because the outage may occur in several cases,
i.e., when only one or few of multiple (hop) links is/are disconnected or when
all links are disconnected. In contrast, calculating the path connectivity is
much easier since we just need to consider 1 case (i.e., all links are connected).

be attributed to the difficulty in accurately modeling the node
distributions in SAGINs.

B. Contributions
This paper aims to utilize SG for investigating the uplink

performance of SAGINs, taking into account spherical-based
node distributions. However, this work is non-trivial due
to several reasons. First, since the previous studies mainly
model nodes on the flat plane [24], [25], a new modeling
approach is required to investigate the spherical-based node
distributions of GUs and AVs. Second, a complex network
model must be constructed to analyze multiple transmission
links among GUs, AVs, and satellites in SAGINs. Third,
a comprehensive analytical model needs to be developed
with consideration of both node distributions and multiple
transmission links. To this end, we exploit a new analytical
approach called spherical stochastic geometry, where all nodes
are stochastically distributed on spherical surfaces. Using this
new method, we can accurately model different transmission
links in SAGIN and further evaluate the connectivity for each
link. The main contributions of this paper can be summarized
as follows:

1) We build a new distribution model for SAGINs. The
new model is built based on spherical coverage
regions (of AVs and satellites), stochastic distributions
(of GUs and AVs), and a spherical coordinate system
(to represent all nodes). This approach enables us to
accurately model the practical topology of SAGINs
under high-altitude satellites and AVs.

2) We develop a comprehensive analytical model for
SAGINs. Compared with previous studies [18], [19]
that mainly investigate the connection performance in
SAGINs based on channel fading, our work presents
a comprehensive analytical model that analyzes multi-
ple transmission links/paths in SAGINs by taking into
account both channel fading as well as node distri-
butions. In contrast, our analytical model applies to
more general network scenarios, e.g., widely distributed
GUs/AVs initiating connections via different multiple
links/paths.

3) We conduct extensive numerical analysis. The analytical
results of the connectivity align with the simulation
results, thereby validating the accuracy of our analytical
model. Overall, our analytical model can help practition-
ers in estimating the practical performance of SAGINs
in various application scenarios by adjusting system
parameters. In addition, the presented analytical model
can contribute many practical implementations for future
studies, such as constructing objective functions for
improving performance in large-scale networks.

The rest of this paper is organized as follows. The system
model of a SAGIN is presented in Section II. In Section III,
analytical expressions of three connectivity metrics of the
SAGIN are derived. Section IV shows the comprehensive
numerical results. Section V concludes this paper.

II. SYSTEM MODEL

We consider a SAGIN that includes satellites (as the space
base station), AVs (as the aerial relay), and GUs (as the
ground device), as shown in Fig. 1(a). Generally, to ensure
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Fig. 1. Network Model of a SAGIN, where (a) is a SAGIN network, (b) shows three spherical coverage regions, (c) shows three transmission links, and
(d) is the spherical coordinate system. Herein, AAoG, ASoA, and ASoG denote the coverage regions of the AV on the ground, the satellite on the AV-flying
plane, and the satellite on the ground, respectively.

global coverage, multiple satellites are deployed according to
specific constellation designs in different orbits, i.e., Low Earth
Orbit (LEO), Medium Earth Orbit (MEO), or Geostationary
Orbit (GEO), to cover the air/ground regions with a single
beam or multiple beams. To build a tractable uplink trans-
mission model, we simplify the satellite antenna to a single
beam (see Section II-C1).3 Meanwhile, we use one satellite as
a reference receiver, and then a group of GUs and AVs under
its coverage region may build uplink connections.4 Below we
give the specific system model.

A. Spherical Geometry
1) Node Distributions: GUs generally form clusters in dif-

ferent regions to support different applications [26]. Therefore,
we model the distribution of GUs as a PCP, denoted by ΦPCP.
The PCP ΦPCP is composed of multiple GU clusters [23]. The
centers of GU clusters follow a homogeneous PPP with the
density λp, and the distribution range is the whole earth’s
surface. The GUs in each cluster is a uniformly-distributed
point process denoted by ϕc with the density λc and the
distribution range is a circle area (denoted by Acluster) on the
ground. Multiple AVs are deployed to cover all GU clusters
with each AV serving for one GU cluster. To serve all GUs
in a cluster, each AV needs to fly along several locations in
a finite region above the served cluster. Then, all deployed
AVs preserve the identical statistical distribution with the GU
cluster centers all the time [23]. Therefore, the AV distribution
can be modeled as a homogeneous PPP Φp with the density
λp (i.e., the same density as that of GU clusters).

2) Spherical Coverage: As shown in Fig. 1(b), the earth’s
surface (i.e., the ground) can be approximated as a spher-
ical surface with the radius Re and the earth center O.
All AVs are deployed with the same flight height Hu.5

3Our model can be extended to a multi-beam antenna by incorporating a
more accurate geometric analysis of multiple beams.

4Our model also applies to multi-satellite scenarios by adding connections
with multiple visible satellites for each GU/AV. The visible satellites can be
modeled by the satellite distribution in the visible region of the GU/AV.

5The particular height depends on the practical requirements, e.g., coverage
demand over the ground.

Thus, The AV-flying plane is deemed a spherical surface with
the earth center O. To cover the ground, each AV is equipped
with a directional antenna that vertically points toward O.
Similarly, the satellite orbits the earth with the altitude Hs,
and it is also equipped with a directional antenna that vertically
points toward the ground [27]. Based on the above analysis,
the SAGIN system includes multiple spherical domes. First,
the circle distribution range of each GU cluster, i.e., Acluster,
is a spherical dome. In addition, the coverage regions of the
AV on the ground, the satellite on the AV-flying plane, and the
satellite on the ground are all spherical domes, which can be
denoted by AAoG, ASoA, and ASoG, respectively. The areas
of the above spherical domes are determined by their vertex
angles φcluster, φAoG, φSoA, and φSoG, respectively. The four
angles (i.e., φcluster, φAoG, φSoA, φSoG) are determined by the
angle between the ray from O to the spherical dome’s center
and the ray from O to the edge of four spherical domes
(i.e., Acluster, AAoG, ASoA, ASoG), respectively.

3) Spherical Coordinations: To model the accurate loca-
tions of all nodes in the SAGIN, we build a spherical
coordinate system by letting the earth center O be the original
point and the orientation from O to the satellite as the zenith
direction, as shown in Fig. 1(d). In our coordinate system,
each node has a 3-dimension polar coordinate represented by
(r, ϑ, φ), where r is the distance between the node and the
original point O. The term ϑ is the azimuth angle of the node,
i.e., the angle between the node’s orthogonal projection on a
horizontal plane vertical to the zenith direction and a reference
direction on the horizontal plane. The term φ is the polar angle
of the node, i.e., the angle between the ray from O to this node
and the zenith direction.

Let x, y, and z denote a GU, an AV, and the satellite,
respectively. The coordinates of x, y and z are denoted
by 3-dimensional polar vectors x, y, and z, respectively.
As shown in Fig. 1(d), we can express x : (Re, ϑx, φx),
y : (Re+Hu, ϑy, φy), z : (Re+Hs, 0, 0), where Re, Re+Hu,
and Re + Hs are the distances between three nodes (i.e., the
GU x on the ground, the AV y and the satellite z) and O,
respectively. Herein, ϑx, ϑy and φx, φyare the azimuth angles
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and the polar angles of x and y, respectively. It is worth noting
that the satellite z locates at the zenith direction, both the
azimuth angle and the polar angle of z are 0.

B. Transmission Model
1) Transmission Paths/Links: As shown in Fig. 1(c), each

GU can transmit its data to the satellite via two paths. The
first path is the ground-air-space (GAS) path that is initiated
from the GU to the satellite through an AV relay. The second
path is the ground-to-space (G2S) path that is directly initiated
from the GU to the satellite. Note that a G2S path is also a
G2S link, while a GAS path is composed of two links: i) the
ground-to-air (G2A) link that is initiated from the GU to the
AV relay, ii) the air-to-space (A2S) link that is initiated from
the AV to the satellite. Overall, we have three links, i.e., the
G2A link, the A2S link, and the G2S link. We will use the
subscript i,∀i ∈ {1, 2, 3} to indicate any variables related to
the above three links, where {1, 2, 3} indicate the G2A link,
the A2S link, and the G2S link, respectively.

2) Distribution of Transmitters: For each link, given a
receiver, all transmitters distributed at the receiver’s coverage
region have the potential to be associated with it.6 In particular,
for the G2A link, given an AV y, all GUs under the coverage
region of the AV y are associable with it. Then, all associable
GUs follow a distribution Φ1 = {x|x ∈ ϕy

c ,x ∈ Ay
AoG}.

Herein, we ignore GUs in other clusters because different
GU clusters are generally far away from each other in real
scenarios.7 Similarly, for the A2S link, given the satellite z,
all associable AVs follow a distribution Φ2 = {y|y ∈ Φp,y ∈
ASoA}. For the G2S link, given the satellite z, all associable
GUs follow a distribution Φ3 = {x|x ∈ ΦPCP,x ∈ ASoG}.

The distribution region of associable transmitters sig-
nificantly influences the performance of the corresponding
link/path. For the G2A link, the distribution area of all
associable GUs should be the minimum region among ϕy

c and
Ay

AoG. Since the region of ϕy
c (i.e., Acluster) is generally wider

than Ay
AoG, we use Ay

AoG to model the distribution area of
associable GUs. For all three links, the distribution regions
of associable transmitters are equal to the coverage regions
of the receiver, i.e., Ay

AoG, ASoA, and ASoG. For the GAS
path, all GUs distributed in some AVs’ coverage regions can
initiate the path transmission, on the condition that these AVs
are covered by the satellite. In this case, the transmitters’
distribution region in the GAS path is a spherical dome
ASoA+AoG. The area sizes of the above distribution regions
(i.e., AAoG,ASoA,ASoG,ASoA+AoG) depends on their vertex
angles (i.e., φAoG, φSoA, φSoG, φSoA + φAoG). A detailed
model of these vertex angles is given in Appendix A.

C. Propagation Model
1) Antenna Model: Each GU is equipped with an omni-

directional antenna. Each AV is equipped with two types
of antennas: i) a directional antenna that vertically points
toward the ground (i.e., AVs serving as high-altitude platforms

6The specific transceiver association scheme for each link is based on
some practical conditions/requirements, e.g., the receiver associates with the
transmitter according to their distances or communication priorities.

7Even though there is an intersection area between two GU clusters,
different carrier frequency bands can be allocated for two clusters to avoid
interference with each other.

to cover GUs [28]), and ii) an omnidirectional antenna that
connects to the satellite (i.e., AVs serving as users of the
satellite [28]). The satellite is also equipped with a directional
antenna with a single beam. The single-beam antenna is the
fundamental satellite antenna and it is usually a directional
antenna with a circular aperture [27]. Let θi, Gi,∀i ∈ {1, 2, 3}
denote the 3dB beam widths and the antenna gains of receivers
for three links, respectively. The values of θi, Gi are essentially
determined by the transmission frequency and the physical
design of antennas, which is given by [27] (Formulas (5.3b)
and (5.6))

∀i ∈ {1, 2, 3} : θi =
κic

fiDi
(degrees), Gi = ιi

(
πDifi

c

)2

, (1)

where c is the light speed and fi(∀i ∈ {1, 2, 3}) are carrier
frequencies used for three links. In addition, {D1, D2, D3} =
{Du, Ds, Ds}, {κ1, κ2, κ3} = {κu, κs, κs}, and {ι1, ι2, ι3} =
{ιu, ιs, ιs}, where κu, κs, Du, Ds, and ιu, ιs are antenna illu-
mination coefficients, diameters of reflector antennas, and
antenna efficiencies at the AV and the satellite, respectively.8

2) Channel Fading: Due to the propagation from ground/air
to air/space, the channel fadings of all three links are domi-
nated by a Line-of-Sight (LoS) component. The Nakagami-m
model is able to represent a variety of LoS-dominated channel
fadings by adjusting the value of m [29], [30].9 There-
fore, we adopt the Nakagami-m channel model for each
transmission link. Let hi,∀i ∈ {1, 2, 3} denote the random
Nakagami-m fading of three links. Let mi, Ωi,∀i ∈ {1, 2, 3}
denote the Nakagami-m shape parameter and the mean-square
values of the three corresponding links, respectively. The
values of mi are positive integers and hi can be regarded as the
summation of mi orthogonal independent Rayleigh distributed
random variables [31]. As all three links are LoS-dominated,
mi > 1 always holds true. In this case, the Nakagami-m fading
closely approximates Rice fading [30] and mi can be mapped
to Rician K factor. By substituting the value of K in different
propagation environments, Nakagami-m can accurately model
various fading scenarios.

3) Path Loss: All three links suffer the LoS-dominated path
loss, which can be approximately regarded as the free-space
path loss model. In addition, the A2S/G2S link also suffers
the additional loss (denoted by LA) caused by atmospheric
effects and rain/fog attenuation [27]. Let Li,∀i ∈ {1, 2, 3}
denote the path loss of three links. Let (ti, ri),∀i ∈ {1, 2, 3}
denote transceiver pairs for three links, which are given by
(t1, r1) = (x, y), (t2, r2) = (y, z), (t3, r3) = (x, z). The path
losses of three links can be evaluated as follows,

∀i ∈ {1, 2, 3} : Li(ti, ri) = L̂i

(
4πfi

c

)2

d2
i , (2)

where L̂i,∀i ∈ {1, 2, 3} are additional path loss for three links,
{L̂1, L̂2, L̂3} = {1, LA, LA}, {d1, d2, d3} = {dxy, dyz, dxz},
and dxy, dyz, dxz are the transmission distances between the
GU x and the AV y, between the AV y and the satellite z, and
between the GU X and the satellite z, respectively. When the

8The value of the antenna efficiency is affected by the illumination law,
spill-over loss, and surface impairments [27], [28].

9Given a Nakagami-m fading h, its probability density function (PDF)
is written as pm,Ω(h) = 2mmh2m−1 exp

(
−mh2/Ω

)
/(Γ (m)Ωm),

where m is the Nakagami fading parameter, Ω is the mean-square value,
and Γ (·) is the Gamma function [30] (Chapter 2.2.1.4).
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GU x locates the coverage region of the AV y and the AV y
locates the coverage region of the satellite z, we have

d2
xy = (Hu + Re)

2 + R2
e − 2 (Hu + Re) Re cos(φx − φy),

(3a)

d2
yz = (Hs + Re)

2 + (Hu + Re)
2

− 2 (Hs + Re) (Hu + Re) cosφy, (3b)

d2
xz = 2 (Hs + Re) Re cos(φx)− (Hs + Re)

2 −R2
e. (3c)

D. Interference Model
We assume that all three links use frequency division

multiple access (FDMA) mechanisms [27] to receive signals
from multiple transmitters (i.e., GUs and AVs). Particularly,
Ni(∀i ∈ {1, 2, 3}) orthogonal frequency carriers are allocated
to three links. To avoid interference between the three links,
three separate frequency bands are used for them. For each
link, the transmitter randomly chooses one carrier from the
total Ni(∀i ∈ {1, 2, 3}) orthogonal carriers to transmit data
and the receiver is capable of decoding signals from Ni

orthogonal carriers. It is worth mentioning that the access
number of transmitters could be much more than Ni for
each link. In this case, multiple transmitters may use the
same frequency carrier, then interference occurs. In particular,
if a transceiver pair is connected via a link with a specific
frequency carrier, interference occurs when other transmitters
initiate transmission to the same receiver with the same carrier.

To this end, we present the interference models for three
links. Let Ii,∀i ∈ {1, 2, 3} denote the interference of three
links. For the reference GU x0, the reference AV y0, and the
satellite z, the interference to three links can be given by

∀i ∈ {1, 2, 3} : Ii(t̂i, r̂i) =
∑

ti∈Φi\{t̂i}

ηti
PiGi|hi|2

NiLi(ti, ri)
. (4)

where Pi(∀i ∈ {1, 2, 3}) denote transmission powers of
three links. For each link, all transmitters are assumed to
use the same power Pi. The terms {Φ1, Φ2, Φ3} represent
the distribution of all associable transmitters for three links
(see Section II-B). The terms ηi(∀i ∈ {1, 2, 3}) denote
transmission probabilities of transmitters at three links. Herein,
we use ηi to model a practical situation, i.e., only these
GUs/AVs having data to transmit can cause the interference.
For the G2A/G2S link, we have ηi = ηx with ηx being the
probability of a GU having data to transmit. For the A2S link,
we have ηi = ηy with ηy being the probability of an AV
having data to transmit. For simplification, we assume that all
GUs/AVs have the same values of ηx, ηy .

III. CONNECTIVITY MODEL

This section presents the uplink path connectivity analysis
of SAGIN. First, we define five connectivity metrics.
• The G2A link connectivity (denoted by pG2A) is defined

as the probability of a GU successfully transmitting its
data to an AV.

• The A2S link connectivity (denoted by pA2S) is defined
as the probability of an AV successfully transmitting its
data to the satellite.

• The G2S path/link connectivity (denoted by pG2S) is
defined as the probability of a GU successfully transmit-
ting its data to the satellite.

• The GAS path connectivity (denoted by pGAS) is defined
as the probability of a GU successfully transmitting its
data to the satellite via the relay of an AV. The GAS path
is established only when both two links (i.e., the G2A
link and the A2S link) are connected.10 Hence, the GAS
path connectivity is given by pGAS = pG2A × pA2S.

• The overall path connectivity (denoted by poverall) is
defined as the probability of a GU successfully trans-
mitting its data to the satellite. Each GU can transmit
its data by choosing the GAS path or the G2S path.
Let α denote the GAS path selection ratio, which is the
probability of all GUs choosing the GAS path. Then 1−α
is the probability of all GUs choosing the G2S path.
Then, poverall can be evaluated by poverall = αpGAS +
(1− α)pG2S.

Based on the above definitions, the connectivity of each
link/path can be evaluated by giving a reference transceiver
pair. Next, we present their detailed analytical expressions.

A. The G2A Link Connectivity

To ensure an expected data rate of the G2A link, the
received signal at the AV needs to reach a minimum SINR
threshold [22]. Hence, the G2A link connectivity pG2A can
be evaluated by calculating the probability of the SINR at
the receiver being above the minimum threshold. Given the
G2A link that is initiated from the reference GU x0 to the
reference AV y0, let pG2A(x0, y0) be the link connectivity and
γG2A(x0, y0) be the SINR value of this G2A link. We have

pG2A(x0, y0) = P (γG2A(x0, y0) ≥ γ1) , (5)

γG2A(x0, y0) =
|h1|2P1G1

L1(x0, y0) (W1 + I1(x0, y0))
, (6)

where γ1, W1 are the SINR threshold and the received noise
at the AV, respectively. Substituting (6) to (5), we have
Theorem 1.

Theorem 1: The connectivity pG2A(x0, y0) is obtained by

pG2A(x0, y0)

= exp
(
−Ṡ1 − Ṙ1ε1

)m1−1∑
n=0

∑
l,q,n

×
[

1
i!j! . . . q!

(
Ṡ1 + Ṙ1ε

′
1

)i (
Ṙ1ε

′′
1

)j

. . .
(
Ṙ1ε

(l)
1

)q
]
,

where

ε1 =
∫ dmax

1

dmin
1

1−
(

1 +
C1

d1

)−m1

dd1,

ε̇
(l)
1 = Cm1+l−1

l

∫ dmax
1

dmin
1

(
C1

d1

)l(
1 +

C1

d1

)−m1−l

dd1,

Ṡ1=
16m1γ1d

2
x0y0

W1

P1ιuD2
uΩ1

, Ṙ1=
πReλc

Re + Hu
, C1=

ηxγ1d
2
x0y0

N1
,

Cl
m1+l−1 =

(m1 + l − 1)!
(m1 − 1)!l!

, dmin
1 = H2

u ,

dmax
1 = (Re + Hu)2 + R2

e − 2Re(Re + Hu) cos (φAoG) ,

10Generally speaking, two links are not simultaneously connected because
of either propagation delay or packet queuing delay between them. Thus,
in the analyzed path, two links can be connected at any different points in
time.
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and
∑

l,q,n indicates the summation over all solutions in
non-negative integers of the equation i + 2j + .. + lq = n.

Proof: The proof is given in Appendix B. ■
According to Theorem 1, we have the following 2 remarks.
Remark 1: pG2A(x0, y0) is determined by several com-

pound formulas as follows.

• Ṡ1 =
16m1γ1d2

x0y0
W1

P1ιuD2
uΩ1

stands for the signal deteriora-
tion degree under the given SINR threshold γ1. The
smaller Ṡ1 indicates the better signal quality, which can
be obtained by decreasing m1, dx0y0 , W1 or increasing
P1, ιu, Du, Ω1.

• Ṙ1 = πReλc

Re+Hu
stands for the clustering degree of GUs

under its distribution region. The smaller Ṙ1 indicates a
sparser cluster, which can be obtained by decreasing λc.

• C1 =
ηxγ1d2

x0y0
N1

stands for the interfering degree from
other GUs to the reference transceiver pair (x0, y0). The
smaller C1 represents a less interfering degree, which can
be obtained by decreasing ηx, γ1 or increasing N1.

• ε1 =
∫ dmax

1
dmin
1

1 − (1 + C1
d1

)−m1dd1 calculates the impacts
of all interference caused by other GUs. The smaller
ε1 indicates fewer impacts from other GUs, which can
be obtained by decreasing dmax

1 , C1. The smaller dmax
1

can be further obtained by decreasing φAoG.
Remark 2: The monotonic characteristics of Theorem. 1

can be analyzed by two parts.
• The first part is exp

(
− Ṡ1 − Ṙ1ε1

)
, which indicates

the impact of main LoS components of all chan-
nels on pG2A(x0, y0). The value of this part increases
with the decreasing of Ṡ1, Ṙ1, C1, or ε1. Refer to
Remark 1, we can improve the value of this part
by decreasing Hu, m1, γ1, dx0y0 , W1, λc, ηx or increasing
P1, ιu, Du, Ω1, N1, f1.

• The second part is
∑m1−1

n=0 (·), which is similar to a
multi-path weight. This part summarizes the impact of
all multi-path components on pG2A(x0, y0). With the
increment of m1, more impacts are caused by more multi-
path components. In addition, three compound formulas
(i.e., Ṡ1, Ṙ1, C1) have positive impacts on the second
part, which is different from their impacts on the first
part. Their positive impacts can be increased with the
increment of m1. Thereby, we can conclude that, the
increment of m1 can reduce the negative impacts (as in
the first part) of all compound formulas (i.e., Ṡ1, Ṙ1,
C1, ε1) on pG2A(x0, y0).

B. The A2S Link Connectivity

To ensure an expected data rate, the connectivity pA2S

can also be evaluated by calculating the probability of the
SINR at the satellite being above the minimum threshold.
Given the A2S link that is initiated from the reference
AV y0 to the satellite z, let pA2S(y0, z) and γA2S(y0, z)
denote the link connectivity and the SINR value, respectively.
We have

pA2S(y0, z) = P (γA2S(y0, z) ≥ γ2) , (7)

γA2S(x0, y0) =
|h2|2P2G2

L2(y0, z) (W2 + I2(y0, z))
, (8)

where γ2, W2 denote the SINR threshold and the received
noise at the satellite in the A2S link, respectively. Substitut-
ing (8) into (7), we have Theorem 2.

Theorem 2: The connectivity pA2S(y0, z) is obtained by

pA2S(y0, z)

= exp
(
−Ṡ2 − Ṙ2ε2

)m2−1∑
n=0

∑
l,q,n

×
[

1
i!j! . . . q!

(
Ṡ2 + Ṙ2ε

′
2

)i (
Ṙ2ε

′′
2

)j

. . .
(
Ṙ2ε

(l)
1

)q
]
,

where

ε2 =
∫ dmax

2

dmin
2

1−
(

1 +
C2

d2

)−m2

dd2,

ε̇
(l)
2 = Cm2+l−1

l

∫ dmax
2

dmin
2

(
C2

d2

)l(
1 +

C2

d2

)−m2−l

dd2,

Ṡ1 =
16LAm2γ2d

2
y0zW2

P2ιsD2
sΩ2

, Ṙ2 =
π(Re + Hu)λp

Re + Hs
,

C2 =
ηyγ2d

2
y0z

N2
, Cl

m2+l−1 =
(m2 + l − 1)!
(m2 − 1)!l!

,

dmin
2 = (Hs −Hu)2, dmax

2 = (Re + Hs)2 + (Re + Hu)2

− 2(Re + Hs)(Re + Hu) cos (φSoA) .
Proof: Following the similar derivation processes of

Theorem 1. ■
Since Theorem 2 has a similar expression to Theorem 1,

Theorem 2 also has the similar remarks to Theorem 1.

C. The GAS Path Connectivity

Let pGAS(x0, z)|y0 denote the GAS path connectivity of
the path from the reference GU x0 to the satellite z via
the reference AV y0, where x0 ∈ ϕc and ϕc is covered
by the AV y0. Refer to the definition, the path connectivity
pGAS(x0, z)|y0 can be calculated by the following equation:

pGAS(x0, z)|y0 = pG2A(x0, y0) · pA2S(y0, z). (9)

Substituting the expressions in Theorem 1 and Theorem 2
into (9), we have Corollary 1.

Corollary 1: The connectivity pGAS(x0, z)|y0 is obtained
by

pGAS(x0, z)|y0

=
∏

t=1,2

exp
(
−Ṡt − Ṙt

)mt−1∑
n=0

∑
l,q,n

×
[

1
i!j! . . . q!

(
Ṡt + Ṙtε

′
t

)i (
Ṙtε

′′
t

)j

. . .
(
Ṙtε

(l)
t

)q
]

,

where Ṡt, Ṙt, ε
(l)
t (∀t ∈ {1, 2}, l ≥ 1) are given in Theorem 1

and Theorem 2.
According to Corollary 1, pGAS(x0, z)|y0 can be improved

by adjusting some parameters to improve the link transmis-
sion quality, or reduce the link interference. The specific
effects of these parameters on pGAS(x0, z)|y0 can refer to
the effects of these parameters on both the G2A link con-
nectivity and the A2S link connectivity (see Remark 1
and Remark 2).
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Theorem 3: The connectivity pG2S(x0, z) is obtained by

pG2S(x0, z) = exp
(
−Ṡ3 − Ṙ3ε3

)m3−1∑
n=0

∑
l,q,n

[
1

i!j! . . . q!

(
Ṡ3 + Ṙ3ε

′
3

)i (
Ṙ3ε

′′
3

)j

. . .
(
Ṙ3ε

(l)
3

)q
]

,

where

ε3 =
∫ φSoG

0

(
1− exp

(
−R̈3ϱ3

))
sin (φk) dφk, ϱ3 =

∫ φcluster

0

1− (1 +
C3

d2
(x+k)z

)−m3 sin (φx) dφx,

ε
(l)
3 =

∫ φSoG

0

exp
(
−R̈3ϱ3

)∑
r,w,l

[
1

u!v! . . . w!

(
R̈3ϱ

′
3

)u (
R̈3ϱ

′′
3

)v

. . .
(
R̈3ϱ

(r)
3

)w
]

sin (φk) dφk,

ϱ
(r)
3 = Cm3+r−1

r

∫ φcluster

0

C3

d2
(x+k)z

r
(

1 +
C3

d2
(x+k)z

)−m3−r

sin (φx) dφx,

Ṡ3 =
16LAm3γ3d

2
x0zW2

Ω3P3ιsD2
s

, Ṙ3 = λp2πR2
e, R̈3 = λc2πR2

e, C3 =
ηxγ3d

2
x0z

N3
,

Cm3+r−1
r =

(m3 + r − 1)!
(m3 − 1)!r!

, d2
(x+k)z = (Hs + Re)

2 + R2
e − 2 (Hs + Re) Re cos(φx + φk),

and the symbols
∑

l,q,n,
∑

r,w,l indicate summation over all solutions in non-negative integers of the equation i+2j+ ..+ lq =
n, u + 2v + . . . , +rw = l, respectively [32] (Formula 0.430.2).

Proof: The detailed proof is given in Appendix D. ■

D. The G2S Path/Link Connectivity

Similar to the G2A/A2S link, the connectivity of the G2S
link/path can also be evaluated by calculating the probability of
the SINR at the satellite being above the minimum threshold.
Given the G2S link that is initiated from the reference
GU x0 to the satellite z, let pG2S(x0, z) and γG2S(x0, z)
denote the link connectivity and the SINR value, respectively.
We have

pG2S(x0, z) = P (γG2S(x0, z) ≥ γ3) , (10)

γG2S(x0, z) =
|h3|2P3G3

L3(x0, z) (W3 + I3(x0, z))
, (11)

where γ3, W3 denote the SINR threshold and the received
noise at the satellite in the G2S link, respectively. Substitut-
ing (11) into (10), we have Theorem 3 (See the top of page 7).
According to Theorem 3, we have the following remarks.

Remark 3: pG2S(x0, z) is determined by several compound
formulas as follows.

• Ṡ3 =
16LAm3γ3d2

x0zW2

Ω3P3ιsD2
s

is the signal deterioration degree
under the SINR threshold γ3. The smaller Ṡ3 indicates the
better signal quality, which can be obtained by decreasing
m3, γ3, dx0z , W3, LA or increasing P3, ιs, Ds, Ω3.

• Ṙ3 = λp2πR2
e stands for the clustering degree of GU

clusters on the ground. R̈3 = λc2πR2
e stands for the

clustering degree of GUs on each cluster. Either the
smaller Ṙ3 or the smaller R̈3 indicates a sparser GU
distribution, which can be obtained by decreasing λc, λc.

• C3 =
ηxγ3d2

x0z

N3
is the interfering degree from other GUs

to the reference transceiver pair (x0, z). The smaller
C3 represents a less interfering degree, which can be
obtained by decreasing ηx, γ3, dx0z or increasing N3.

• ε3 =
∫ φSoG

0

(
1− exp

(
−R̈3ϱ3

))
sin (φk) dφk calcu-

lates the impacts of all interference caused by other GUs.

The smaller ε3 indicates less interference, which can be
obtained by decreasing φcluster, φSoG, R̈3, C3.

Remark 4: The monotonic characteristics of Theorem. 3
can be analyzed by two parts.

• The first part is exp
(
−Ṡ3 − Ṙ3ε3

)
, which indicates

the impact of main LoS components of all channels
on pG2S(x0, z). The value of this part increases with
the decreasing of Ṡ3, Ṙ3, R̈3, C3, or ε3. Refer to
Remark 3, we can improve the value of this part by
decreasing Hs, m2, γ3, dx0z, W3, λp, λc, ηx or increasing
P3, ιs, Ds, Ω3, N3, f3.

• The second part is
∑m3−1

n=0 (·), which summarizes the
impact of all multi-path components on pG2S(x0, z). The
larger m3 indicates more impact caused by more multi-
path components. In the second part, the increment of
m3 can reduce the negative impacts (as in the first part)
of several compound formulas (i.e., Ṡ3, Ṙ3, C3, ε3)
on pG2S(x0, z). In addition, the expression of ε

(l)
3 in the

second part shows the negative impacts of R̈3 and ϱ
(r)
3 .

E. The Overall Path Connectivity

Let poverall(x0, z) denote the overall path connectivity from
the reference GU x0 to the satellite z. Refer to the definition,
poverall can be evaluated by a weighted summation of pGAS

and pG2S, with the weights depending on the GAS path
selection ratio (i.e., α). It is worth noting that, not only the
reference GU x0 but also all GUs need to select one path for
their data transmission. Then, the transmission probabilities
of other GUs need to consider the path selection ratio. Par-
ticularly, if other GUs select the GAS path, their transmission
probabilities need to change from ηx to αηx. Likewise, if other
GUs select the G2S path, their transmission probabilities need
to change from ηx to (1 − α)ηx. To this end, poverall can be
evaluated as in Corollary 2.
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TABLE I
PARAMETER SETTINGS FOR NUMERICAL RESULTS

Fig. 2. The overall path connectivity metric (poverall) versus α, where {ηx, ηy} = {0.1, 0.1}, {m1, m2, m3} = {5, 5, 5}, {N1, N2, N3} = {5, 10, 10},
{γ1, γ2, γ3} = {0,−10,−10}dB, {f1, f2, f3} = {0.9, 20, 20}GHz, and Hs = 600km.

Corollary 2: The connectivity poverall(x0, z) is obtained by

poverall(x0, z) = α× pGAS(x0, z)|y0
ηx→αηx

+ (1− α)× pG2S(x0, z)
ηx→(1−α)ηx

,

where pGAS(x0, z)|y0 and pG2S(x0, z) are given in Corol-
lary 1 and Theorem 3, respectively. In addition, ηx → αηx is
the transformation of changing ηx to αηx and ηx → (1−α)ηx

is the transformation of changing ηx to (1− α)ηx.
The specific effects of system parameters on poverall(x0, z)

can refer to the effects of these parameters on pGAS and pG2S

(see Remark 1, Remark 2, Remark 3, and Remark 4).

IV. NUMERICAL RESULTS

This section presents numerical results of five connectiv-
ity metrics, i.e., pG2A, pA2S, pGAS, pG2S, and poverall. In our
results, we set Acluster as the same size as AA2G, that means
the GU clustering area size is equal to the coverage size
of an AV. In this way, we can compare the performance of
two path connectivity metrics (i.e., pGAS and pG2S) under a
similar GU distribution. Of course, our model can also be
used to analyze any other areas of Acluster, just need to set a
reasonable vertex angle φcluster. In addition, the thermal noise
is used to evaluate the received noise at each link since it is
a fundamental noise source at antenna circuits [27]. For each
link, we have Wi = KTiBi, where K = 1.38×10(−23) J/K is
the Boltzman constant and Ti, Bi are the noise temperature and
the carrier bandwidth at the receiver for the corresponding link,
respectively. Detailed system parameters are given in Table I
unless other specified.

Next, we will analyze the impacts of some critical sys-
tem parameters on all connectivity metrics. These parameters

include the GAS path selection ratio α, Nakagami parame-
ters mi, the satellite altitude Hs, and carrier frequencies fi.
Our results include both analytical results and simulation
results, which are calculated and generated by MATLAB.
To validate the analytical results, Monte Carlo simulations are
conducted by averaging 10,000 times realizations. For each
simulation, we generate both random distributions of GUs and
AVs and the random channel fading of three links. In all output
figures, simulation results are marked by the label Simu and
analytical results are marked by the label Anal. For each
figure, one legend remains for all subfigures to ensure clarity
of the plotted results and prevent overlapping.

A. Impact of the GAS Path Selection Ratio

Fig. 2 plots three metrics poverall,
−−→pGAS,

−−→pG2S versus the GAS
path selection ratio α. Herein, −−→pGAS and −−→pG2S are given by
−−→pGAS = pGAS(x0, z)|y0

ηx→αηx

and −−→pG2S = pG2S(x0, z)
ηx→(1−α)ηx

, respectively.

We can see that, with the increase of α, poverall first grows,
then reaches a maximum value, and it drops after that.
The maximum value is obviously the intersection between
the lines of −−→pGAS and −−→pG2S. It means that, the overall path
connectivity can reach the maximum when −−→pGAS = −−→pG2S. The
intersection could be changed by different system parameters,
e.g., AV densities.

Fig. 2 shows the different intersection results based on
different GU densities (λp and λc). Comparing Fig. 2(a) and
Fig. 2(b), the intersection point has a larger connectivity under
a smaller λc (i.e., a sparser GU distribution in each cluster).
It means that, a sparser GU distribution can improve the
overall path connectivity. Comparing Fig. 2(b) with Fig. 2(c),
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Fig. 3. Four connectivity metrics (i.e., pG2A, pA2S, pGAS, and pG2S) versus mi(∀i ∈ {1, 2, 3}), where {ηx, ηy} = {0.1, 0.9},
{N1, N2, N3} = {5, 10, 10}, {γ1, γ2, γ3} = {0,−10,−10}dB, {f1, f2, f3} = {0.9, 20, 20}GHz, and Hs = 600km.

Fig. 4. Four connectivity metrics (i.e., pG2A, pA2S, pGAS, and pG2S) versus Hs and fi, where λc = 50GUs/(km2 · cluster), λp = 0.1clusters/km2,
{ηx, ηy} = {0.1, 0.1}, {m1, m2, m3} = {5, 5, 5}, {N1, N2, N3} = {5, 10, 10}, {γ1, γ2, γ3} = {0,−10,−10}dB, and Hu = 1000m. Herein, LEO,
MEO, and GEO represent three satellite orbits with varying altitudes, i.e., Hs ≤ 2000km, 2000km ≤ Hs ≤ 35786km, and Hs = 35786km, respectively.

the intersection point is a larger α when facing a larger λp

(i.e., very dense GU clusters). It means that, more GAS paths
should be chosen for data transmission when facing dense GU
clusters. Overall, we observe that the maximum value of poverall
can be obtained by choosing an optimal α.11

B. Impact of Nakagami Parameters
Fig. 3 shows four connectivity metrics (i.e., pG2A, pA2S,

pGAS, and pG2S) versus Nakagami parameters mi(∀i ∈
{1, 2, 3}). As shown in Fig. 3(a), the values of all four
connectivity metrics grow with the increment of mi. This phe-
nomenon verifies our analytical observations (see Remark 2
and Remark 4), i.e., the increment of mi indicates multi-path
components, thus improving the channel quality. Compared
with Fig. 3(a), Fig. 3(b) show the results by increasing GU
densities λc in each cluster. We can see that pA2S is not
affected because the denser GUs in each cluster do not affect
the AVs’ density. Meanwhile, pG2A is obviously decreased
after increasing λc, this is because of more interference caused
to the G2A link. Likewise, pGAS is obviously decreased. Even
though, both pG2A and pGAS are still growing with mi. This is
because the increment of mi can reduce the negative impacts

11The optimal value of α can be found by solving −−→pGAS = −−→pG2S. The ana-
lytical expressions of −−→pGAS,−−→pG2S can be obtained by substituting ηx = αηx

into Thoerem 1 and substituting ηx = (1−α)ηx into Thoerem 2, respectively.
Obviously, solving the above equation is mathematically complex. However,
this observation gives us a direction for future studies.

of λc (see Remark 2 and Remark 4). By contrast, when
decreasing λc, pG2S totally drops with the increment of m3.
This also verifies our observation in Remark 4, i.e., the
increment of m3 can increase the negative impacts of R̈3.
The larger λc leads to larger R̈3, which indicate a very dense
GU distribution. In this case, the increment of mi not only
improves the channel quality of the reference transceiver pair,
but also the channel quality of all interference, thus leading to
the dropping of pG2S.

C. Impact of the Satellite Altitude and the
Carrier Frequency

Fig. 4 shows four connectivity metrics (i.e., pG2A, pA2S,
pGAS, and pG2S) versus the satellite altitude Hs and the
carrier frequency f2. Herein, pG2A is unchanged since it is not
affected by Hs. It can be observed that all three connectivity
metrics pA2S, pGAS, pG2S decrease with the increment of Hs.
This is because the higher Hs indicates not only the more
serious path loss but also the more interference caused by
more AVs/GUs in the wider coverage regions (i.e., ASoA,
ASoG). In addition, we can compare three connectivity metrics
(i.e., pA2S, pGAS, pG2S) for three satellite orbits. Obviously,
LEO satellites, due to the lowest altitudes, provide the most
stable and highest connectivity for all metrics. In contrast,
MEO satellites, with the altitude increasing in a large range,
experience a significant decrease in all three connectivities,
and GEO satellites exhibit the lowest connectivity.
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Fig. 4 also shows the results under three different fre-
quency carriers. All four connectivity metrics (i.e., pG2A,
pA2S, pGAS, and pG2S) increases when increasing f1 from 0.9
GHz to 2 GHz, or increasing f2, f3 from 20 GHz to 40 GHz.
This is because the larger carrier frequency fi brings less
interference, due to fewer GUs/AVs in the smaller coverage
region. In addition, it can be seen that both pGAS and pG2S

decrease with the increment of Hs and the decrement of fi.
Specifically, pG2S drops more sharply than pGAS. The reason
is due to the much more interference caused by GUs in the
G2S link compared with that in the GAS link. For a GAS
link, with the aid of AV relays, the interference is significantly
reduced. As a consequence, the GAS link can keep more stable
connectivity with varied Hs and fi.

D. Observations and Insights
Observations: All simulation results match well

with analytical results, confirming the accuracy of our
models.12 Some important observations can be summarized as
follows.

1) The overall path connectivity poverall can reach the
maximum by using the optimal value of the GAS path
selection ratio α. The optimal α can be found by
solving the equation that two path connectivity metrics
(after considering the path selection ratio) are equal.
The optimal α could be changed by different system
parameters, e.g., GU densities.

2) All four link/path connectivity metrics (i.e., pG2A, pA2S,
pGAS, and pG2S) can be improved when decreasing
λc, λp, Hs or increasing fi, Ni. Particularly, on the con-
dition of a sparse GU distribution, the increasing mi can
also improve all four connectivity metrics. In addition,
compared with MEO and GEO satellites, LEO satellites
can serve the most stable connectivity.

3) The GAS path connectivity is more resilient and stable
than the G2S path connectivity with varied system
parameters. Because the GAS path utilizes the AV relays
to mitigate the interference caused by GUs and also
reduce the path loss in signal propagation.

Insights: Based on the above observations, our analytical
model can help practitioners (e.g., network operators or engi-
neers) in estimating the practical performance of SAGINs
across various application scenarios. Below, we summarize
two technical insights for practitioners.

1) To analyze various practical scenarios, practitioners can
adjust the comprehensive system parameters in our
models, including: i) choosing available satellites for
a specific application region (e.g., a disastrous area);
ii) placing GU clusters with appropriate distributions
in this region and deploying AVs for them; iii) config-
uring transceiver parameters for nodes, e.g., frequency
carriers, SINR threshold, and antenna parameters;
iv) choosing correct Nakagami-m parameters and addi-
tional path loss LA. Meanwhile, referring to remarks
in our analytical model, practitioners can also ana-
lyze the detailed impacts of system parameters on

12The very slight difference between some analytical values and simulation
values comes from the approximate calculation of integration, which can be
overcome by enhancing the calculation algorithm or computing hardware.

multiple compound formulas, e.g., the signal deterio-
ration degree, the clustering degree, and the interfering
degree, so as to fine-tune the connectivity in a specific
link/path.

2) To enhance uplink transmission performance, practi-
tioners can allocate the path selection strategy for all
GUs (i.e., choosing GAS or G2S as the transmission
path) to align with an optimal path selection ratio.
As shown in Fig. 2, an optimal path selection ratio
is associated with AV densities, i.e., if more AVs are
deployed (to cover more GU clusters), the optimal ratio
prefers choosing more GAS paths. To allocate the ratio,
practitioners can consider two methods: i) separating
GUs into two groups following the ratio to choose the
GAS and G2S paths, respectively; and ii) enabling each
GU to choose the GAS/G2S path interchangeably at a
frequency following the ratio.

V. CONCLUSION AND DISCUSSIONS

A. Conclusion
This paper presents a new analytical model of the uplink

connectivity of the SAGIN with the aid of spherical stochastic
geometry. Accordingly, analytical expressions of five connec-
tivity metrics are derived, i.e., pG2A, pA2S, pGAS, pG2S, and
poverall. Analytical results of all five connectivity metrics align
with simulation results, thereby validating the accuracy of our
analytical model. We observe that the overall path connectivity
can reach a maximum value under the optimal value of
the GAS path selection ratio; accordingly, practitioners can
allocate the optimal path selection strategy for all GUs in
practical implementations. In addition, by configuring compre-
hensive parameters, our analytical model can help practitioners
estimate the practical performance of SAGINs across various
application scenarios.

B. Discussions
From the perspective of technical applications, our model

can incorporate some emerging technologies into SAGIN,
such as intelligent reflecting surfaces (IRS) and edge arti-
ficial intelligence (AI). Upon deploying IRS in a SAGIN,
the overall communication quality will be enhanced, and
additional IRS-based transmission paths can be integrated
into our analytical model for validating the performance.
When employing edge AI to optimize the configurations
in SAGINs, our analytical model can aid in constructing
objective functions for enhancing large-scale performance.
Regarding future enhancements, our analytical model can
be expanded to more practical SAGIN scenarios. For
instance, the current spherical coverage model can be
extended to a new one that is covered by multiple tilted
beams.

APPENDIX A
As shown in Fig. 5 (See the top of page 11), the evaluation

of φSoA includes two following cases.
Case 1: If θ2

2 > arcsin
(

Re+Hu
Re+Hs

)
, ∡SP2O is a right angle

and we have

φCase1
SoA = ∡SOP1 = arccos

(
Re + Hu

Re + Hs

)
. (12)
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Fig. 5. Geometry relationship in coverage regions, where S is the satellite, O is the earth center, U is the AV, and P1, P2, P3 are the points at the edge of
AAoG, ASoA, and ASoG, respectively.

Case 2: If θ2
2 ≤ arcsin

(
Re+Hu
Re+Hs

)
, ∡SP2O is an obtuse

angle and we have

φCase2
SoA = arccos

(
sin2

(
θ2

2

)
Re + Hs

Re + Hu

+ cos
(

θ2

2

)√
1− sin2

(
θ2

2

)(
Re + Hs

Re + Hu

)2
 .

(13)

To sum up, we can calculate the vertex angles φSoA through
the following expressions.

φSoA =


φCase1

SoA , if
θ2

2
> arcsin

(
Re + Hu

Re + Hs

)
.

φCase2
SoA , if

θ2

2
≤ arcsin

(
Re + Hs

Re + Hu

)
.

Following a similar deriving processes in (12) and (13),
φAoG and φSoG are given by

φAoG =


φCase1

AoG , if
θ1

2
> arcsin

(
Re

Re + Hu

)
.

φCase2
AoG , if

θ1

2
≤ arcsin

(
Re

Re + Hu

)
.

φSoG =


φCase1

SoG , if
θ3

2
> arcsin

(
Re

Re + Hs

)
.

φCase2
SoG , if

θ3

2
≤ arcsin

(
Re

Re + Hs

)
.

where φCase1
AoG , φCase2

AoG , φCase1
SoG , φCase2

SoG are given by

φCase1
AoG = arccos

(
Re

Re + Hu

)
, (14)

φCase2
AoG = arccos

(
sin2

(
θ1

2

)
Re + Hu

Re

+ cos
(

θ1

2

)√
1− sin2

(
θ1

2

)(
Re + Hu

Re

)2
 ,

(15)

φCase1
SoG = arccos

(
Re

Re + Hs

)
, (16)

φCase2
SoG = arccos

(
sin2

(
θ3

2

)
Re + Hs

Re

+ cos
(

θ3

2

)√
1− sin2

(
θ3

2

)(
Re + Hs

Re

)2
 .

(17)

We see that each of threes angle (i.e., φAoG, φSoA, φSoG)
have two different expressions, which depends on six com-
parative angles. Three antenna beamwidths (i.e., θ1, θ2, θ3)
can be calculated by (1). Then, we can analyze the numer-
ical ranges of six comparative angles in Fig. 6 (See the
top of page 12). As shown in Fig. 6(a),(d), θ1/2 ≤
arcsin (Re/(Re + Hu)) always holds when we consider the
carrier frequency f1 under a generally range from 900 MHz
to 2.4 GHz and the AV height Hu fixed as 1m or
5000 m. In this context, φAoG = φCase2

AoG always hold.
Similarly, θ2/2 ≤ arcsin ((Re + Hu)/(Re + Hs)) , θ3/2 ≤
arcsin (Re/(Re + Hs)) always hold in the general settings of
the carrier frequency f2 ranging from 10 GHz to 100 GHz
and the satellite altitude in three orbits. Then φSoA =
φCase2

SoA , φSoG = φCase2
SoG always hold in general cases.

Thereby, we have the final expressions of three vertex angles
φAoG, φSoA, φSoG, which are given by

φAoG

= arccos
(

sin2

(
κuc

2f1Du

)
Re + Hu

Re

+ cos
(

κuc

2f1Du

)√
1− sin2

(
κuc

2f1Du

)(
Re + Hu

Re

)2
 ,

φSoA

= arccos
(

sin2

(
κsc

2f2Ds

)
Re + Hs

Re + Hu

+ cos
(

κsc

2f2Ds

)√
1− sin2

(
κsc

2f2Ds

)(
Re + Hs

Re + Hu

)2
 .

φSoG

= arccos
(

sin2

(
κsc

2f3Ds

)
Re + Hs

Re
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Fig. 6. Six angles (i.e., θ1/2, θ2/2, θ3/2, arcsin (Re/(Re + Hu)), arcsin (Re + Hu/(Re + Hs)), and arcsin (Re/(Re + Hs))) versus carrier frequencies
and the AV height/the satellite altitude. Herein, all system parameters (e.g., κi, Di, ιi, ∀i ∈ {1, 2, 3}) are set according to Table I.

+ cos
(

κsc

2f3Ds

)√
1− sin2

(
κsc

2f3Ds

)(
Re + Hs

Re

)2
 .

■

APPENDIX B
The proof of Theorem 1: Substituting γG2A(x0, y0) into

pG2A(x0, y0), we have

pG2A(x0, y0)
(a)
= E

[
Γ (m1, S1 (W1 + I1(x0, y0)))

Γ (m1)

]
(b)
=

m1−1∑
n=0

(−S1)n

n!
[exp (−S1W1)LI1(S1)]

(n)
S1

,

(18)

where S1 = m1γ1L1(x0, y0)/ (Ω1P1G1) and [·](n)
s1

is the nth
derivative of S1. The step (a) arises from the complementary
cumulative distribution function of the gamma distributed
random fading gain |h1|2 [33], wherein Γ(·) and Γ(·, ·) are
the gamma and upper incomplete gamma functions [34]. The
step (b) follows the similar derivation in [35] (see (30)).

The notation LI1(s) = E [exp (−sI1(x0, y0))] is the
Laplace Transform of the interference I1(x0, y0) with s being
the Laplace variable. According to the distribution character-
istics of UEs and the channel fading in I1(x0, y0), LI1(S1)
can be calculated as follows.

LI1(S1)
(a)
= E

 ∏
x∈ϕc\{x0}

Eh

[
exp

(
−S1ηxP1G1|h1|2

N1L1(x, y0)

)]
(b)
= E

 ∏
x∈ϕc\{x0}

(
1 +

Q1S1

L1(x, y0)

)−m1



(c)
= E

∏
x∈ϕc

(
1 +

Q1S1

L1(x, y0)

)−m1


(d)
= exp

(
−λc

∫
AAoG

1−
(

1 +
Q1S1

L1(x, y0)

)−m1

dx

)
,

(19)

where Q1 = ηxΩ1P1G1/(m1N1) and Ay0
AoG is the ground

spherical dome covered by the reference AV y0. The step (a)
is resulted from the distribution of h that is independent of the
node distribution ϕc. The step (b) is resulted from the moment
generating function (MGF) of the Nakagami-m fading power
|h1|2, i.e., E

[
exp

(
sm|h1|2

)]
= (1− smΩ1/m1)

−m1 with sm

being the MGF variable [30]. The step (c) is resulted from
the uniformly-distributed characteristic of ϕc, i.e., ϕc \ {x0}
has the same statistical characteristic as ϕc [36]. The step (d)
is resulted from the probability-generating functional of ϕc,
i.e., E

[∏
x∈ϕc

v(x)
]

= exp
(
−λc

∫
AAoG

1− v(x)dx
)

, where
v(x) is any integrable and non-negative functions of the point
x in ϕc [36].

Substituting the polar coordinate of x : (Re, ϑx, φx) in the
spherical dome AAoG, the integral expression in (19) can be
further calculated as follows:∫
AAoG

1−
(

1 +
Q1S1

L1(x, y0)

)−m1

dx

(a)
=
∫
AAoG

1−
(

1 +
Q1S1

L1(x, ỹ0)

)−m1

dx

(b)
= 2πR2

e

∫ φAoG

0

(
1−

(
1 +

Q1S1

L1(x, ỹ0)

)−m1
)

sin (φx) dφx,

(20)
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where (a) is obtained by a variable transformation of x :
(Re, ϑx, φx) to x : (Re, ϑx−ϑy0 , φx−φy0). The transformed
x belongs to the spherical dome Aỹ0

AoG covered by the AV ỹ0

locating at ỹ0 : (Re +Hu, 0, 0). The term dxỹ0 is the distance
between the new x and the AV ỹ0. The spherical dome Aỹ0

AoG
has the same vertex angle φAoG as AAoG. The step (b) follows
from the polar coordination integral in Aỹ0

AoG.
Substituting (19) and (20) into (18), we have

pG2A(x0, y0) =
m1−1∑
n=0

(−S1)n

n!
[exp (−F1)]

(n)
S1

, (21)

where F1 = S1W1 +2πR2
eλc

∫ φAoG

0
Q1(S1) sin (φx) dφx and

Q1 = 1−
(
1 + S1Q1

L1(x,ỹ0)

)−m1

.

According to the nth derivative of a composition func-
tion [32] (Formula 0.430.2) and Leibniz integral rule [37],
we can expand the expression in (21) to

pG2A(x0, y0)

= exp (−F1)
m1−1∑
n=0

(−S1)
n
∑
l,q,n

×

[
(−1)i+j+...+q

i!j! . . . q!

(
F1

′

1!

)i(F1
′′

2!

)j

. . .

(
F1

(l)

l!

)q])
,

(22)

where (·)′, (·)′′, (·)(l) denote the 1st, 2nd, and lth derivative
of functions of S1, respectively. The symbol

∑
l,q,n indicates

summation over all solutions in non-negative integers of the
equation i + 2j + .. + lq = n. In (22), putting (−S1)

n into∑
l,q,n, putting (−1)i+j+...+q into (·)i (·)j

. . . (·)q , and putting
1/l! into each F1

(l)(∀l), we have

pG2A(x0, y0)

= exp (−F1)
m1−1∑
n=0

×

∑
l,q,n

×
[

1
i!j! . . . q!

(
Ḟ ′1
)i (

Ḟ ′′1
)j

. . .
(
Ḟ1

(l)
)q
] ,

(23)

where

Ḟ ′1 = S1W1 + 2πR2
eλc

∫ φAoG

0

Q̇′1 sin (φx) dφx,

∀l > 1 : Ḟ (l)
1 = 2πR2

eλc

∫ φAoG

0

Q̇(l)
1 sin (φx) dφx,

∀l≥1 : Q̇(l)
1 =Cm1+l−1

l

(
S1Q1

L1(x, ỹ0)

)l(
1+

S1Q1

L1(x, ỹ0)

)
−m1−l.

Herein, Cm1+l−1
l indicates the number of l-combinations

for the set with m1 + l − 1 elements.
The expressions of S1 and S1Q1/L1(x, ỹ0) can be trans-

formed as follows,

S1 =
m1γ1L1(x0, y0)

Ω1P1G1

(a)
=

16m1γ1LA

(
d2

x0y0

)
Ω1P1ιuD2

u

, (24)

S1Q1

L1(x, ỹ0)
=

S1ηxΩ1P1G1

N1m1L1(x, ỹ0)
(b)
=

ηxγ1d
2
x0y0

N1

(
d2

xỹ0

) , (25)

where (a) and (b) are derived by substituting the formulations
of (1) and (2). Substituting (25) into (23), the integrals in
F1(S1) and Ḟ (l)

1 (∀l ≥ 0) can be transformed to∫ φAoG

0

Q1(S1) sin (φx) dφx
(a)
=

1
2Re(Re + Hu)

×
∫ max(d2

xỹ0)

H2
u

1−

1 +
ηxγ1d

2
x0y0

N1

(
d2

xỹ0

)
−m1

d
(
d2

xỹ0

)
,

(26)

∀l ≥ 1 :
∫ φAoG

0

Q̇(l)
1 sin (φx) dφx

(b)
=

1
2Re(Re + Hu)

×
∫ max(d2

xỹ0)

H2
u

 ηxγ1d
2
x0y0

N1

(
d2

xỹ0

)
l

×

1 +
ηxγ1d

2
x0y0

N1

(
d2

xỹ0

)
−m−l

d
(
d2

xỹ0

)
, (27)

where (a) and (b) are resulted from the transformation∫
dφx 7→

∫
d
(
d2

xỹ0

)
with d2

xỹ0
= (Re + Hu)2 + R2

e − 2Re

(Re + Hu) cos (φx) and max
(
d2

xỹ0

)
= (Re + Hu)2 + R2

e −
2Re(Re + Hu) cos (φAoG). Substituting the above integral
expressions into (23), we have Theorem 1. ■

APPENDIX D
Proof of Theorem 3: The connectivity of the G2S link

between the reference GU x0 and the satellite z can be
evaluated as follows:

pG2S(x0, z) = P (γG2S(x0, z) ≥ γ3)

=
m3−1∑
n=0

(−S3)n

n!
[exp (−S3W3)LI3(S3)]

(n)
S3

,

(28)
where S3 = m3γ3L3(x0, z)/ (Ω3P3G3) and LI3(s) =
E [exp (−sI3(x0, z))] is the Laplace Transform of the inter-
ference I3(x0, z) with s being the Laplace variable.

According to the distribution characteristics of the interfer-
ence I3(x0, z), and following the similar derivation process
of (19)(a,b,c), LI3(S3) can be calculated as follows:

LI3(S3) = E [exp (−S3I3(x0, z))]

= E

 ∏
x∈Φpcp

(
1 +

Q3S3

L3(x, z)

)−m3

 . (29)

where Q3 = ηxΩ3P3G2/(m3N2). (29) can be further cal-
culated according to the probability-generating functional
E
(∏

x∈Φpcp
v(x)

)
of Φpcp [36], [38]. Let v(x) denote any

integrable and non-negative functions of the point x in Φpcp.
We can evaluate E

(∏
x∈Φpcp

v(x)
)

by

E

 ∏
x∈Φpcp

v(x)

 = exp
(
−λp

∫
ASoG

[1−Gk (v(x))] dk
)

,

(30)
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where Gk (v(x)) = exp
(
−c̄
(
1−

∫
R2 v(x + k)f(x)dx

))
is

the probability-generating functional of the point distribu-
tion in the cluster ϕk with its center located at k [39],
where c̄ is the mean number of points in a cluster and
f(x) is the probability density function of GUs in the
cluster. In Φpcp, c̄ = λc × Area (AAoG) and f(x) =
1/Area (AAoG), where Area (AAoG) is the area size of
AAoG. Therefore, Gk (v(x)) can be updated to Gk (v(x)) =
exp

(
−λc

∫
AoG

1− v(x + k)dx
)
.

Substituting (30) into (29), we have

LI3(S3)

=exp
(
−λp

∫
ASoG

1

− exp

(
−λc

∫
Acluster

1−
(
1+

Q3S3

L3(x + k, z)

)−m3

dx

)
dk

)
.

(31)

Substituting the polar coordinate of x : (Re, ϑx, φx) in
the spherical domes ASoG and AAoG, the integral expression
in (31) can be further calculated as follows:

LI3(S3)

= exp
(
−2πR2

eλp

∫ φSoG

0

1− exp
(
−2πR2

eλc

∫ φcluster

0

1

−
(

1+
Q3S3

L3(x + k, z)

)−m3

sin (φx) dφx

)
sin (φk) dφk

)
.

(32)

Substituting (32) into (28), we have

pG2S(x0, z) =
m3−1∑
n=0

(−S3)n

n!
[exp (−F3(S3))]

(n)
S3

, (33)

where

F3(S3)=S3W2+2πR2
eλp

∫ φSoG

0

1−exp
(
−2πR2

eλc

×
∫ φcluster

0

Q3(S3) sin (φx) dφx

)
sin (φk) dφk,

Q3(S3) = 1−
(

1 +
Q3S3

L3(x + k, z)

)−m3

.

Following the similar derivation process as our previous
work [40] (see Eq. (14)), we have

pG2S(x0, z) = exp (−F3)
m3−1∑
n=0

×

(−S3)
n
∑
l,q,n

×

[
(−1)i+j+...+q

i!j! . . . q!

(
F3

′

1!

)i

×
(
F3

′′

2!

)j

. . .

(
F3

(l)

l!

)q
 , (34)

where the symbol
∑

r,w,l indicates summation over all solu-
tions in non-negative integers of the equation u + 2v +
. . . , +rw = l [32] (Formula 0.430.2).

Putting (−S3)
n into

∑
l,q,n and

∑
r,w,l, putting

(−1)i+j+...+q into (·)i (·)j
. . . (·)q , and putting 1/l! into

each F3
(l)(∀l), (34) can be further transformed to

pG2S(x0, z) = exp (−F3)
m3−1∑
n=0

∑
l,q,n

×
[

1
i!j! . . . q!

(
Ḟ ′3
)i (

Ḟ ′′3
)j

. . .
(
Ḟ (l)

3

)q
])

,

(35)

where

Ḟ ′3
= S3W2 + 2πR2

eλp

×
∫ φSoG

0

[
exp

(
−2πR2

eλc

∫ φcluster

0

Q3 sin (φx) dφx

)
×
(

2πR2
eλc

∫ φcluster

0

Q̇′3 sin (φx) dφx

)]
sin (φk) dφk,

∀l > 1 : Ḟ (l)
3 = 2πR2

eλp

∫ φSoG

0[
exp

(
−2πR2

eλc

∫ φcluster

0

Q3 sin (φx) dφx

)
×
∑
r,w,l

[
(2πR2

eλc)u+v+...+w

u!v! . . . w!

(∫ φcluster

0

Q̇′3 sin (φx) dφx

)u

×
(∫ φcluster

0

Q̇′′3 sin (φx) dφx

)v

. . .

×
(∫ φcluster

0

Q̇(r)
3 sin (φx) dφx

)w]]
sin (φk) dφk,

∀r ≥ 1 : Q̇(r)
3 = Cm3+r−1

r

(
S3Q3

L3(x + k, z)

)r

×
(

1 +
S3Q3

L3(x + k, z)

)−m3−r

.

Herein Cm3+r−1
r indicates the number of r-combinations for

the set with m3 + r − 1 elements.
For S3 and S3Q3/L3(x + k, z), their expressions can be

further calculated as follows,

S3 =
m3γ2L3(x0, z)

Ω3P3G2

(a)
=

16m3γ2LAd2
x0z

Ω3P3ιsD2
s

, (36)

S3Q3

L3(x + k, z)
=

S3ηxΩ3P3G2

N2m3L3(x + k, z)
(b)
=

ηxγ2d
2
x0z

N2d2
(x+k)z

, (37)

where (a) is derived by substituting the formulations of θ2,
G2 and L3(x, z) (see (1) and (2)). Substituting (37) into (35),
we have Theorem 3. ■
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