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a b s t r a c t

Advances of modern science and engineering lead to unprecedented amount of data for information
processing. Of particular interest is the semi-supervised learning, where very few training samples are
available among large volumes of unlabeled data. Graph-based algorithms using Laplacian regularization
have achieved state-of-the-art performance, but can induce huge memory and computational costs. In
this paper, we introduce L1-norm penalization on the low-rank factorized kernel for efficient, globally
optimal model selection in graph-based semi-supervised learning. An important novelty is that our
formulation can be transformed to a standard LASSO regression. On one hand, this makes it possible to
employ advanced sparse solvers to handle large scale problems; on the other hand, a globally optimal
subset of basis can be chosen adaptively given desired strength of penalizing model complexity, in
contrast to some current endeavors that pre-determine the basis without coupling it with the learning
task. Our algorithm performs competitively with state-of-the-art algorithms on a variety of benchmark
data sets. In particular, it is orders of magnitude faster than exact algorithms and achieves a good trade-
off between accuracy and scalability.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Advances of modern science and engineering in various
domains have created unprecedented amount of data for informa-
tion processing. Of particular interest is the semi-supervised
learning scenario, where very few training labels are available
due to the high cost of human interventions. How to utilize
unlabeled data together with a small amount of labeled examples
to boost learning performance while guaranteeing the algorithm
efficiency has been a continued research interest. Enormous
efforts have been devoted to semi-supervised learning, including
transductive SVM [6,13], cotraining [3], label propagation [34],
graph-based methods [1,20,36], semi-supervised kernel learning
[4,7,15]. See a detailed survey in [35].

In this paper, we focus on a graph-based algorithm for semi-
supervised learning. Assume that we use a positive semi-definite
(PSD) kernel function κð�; �Þ, and the n�n kernel/similarity matrix
K such that Kij ¼ κðxi; xjÞ. Define the graph Laplacian matrix
as L¼D�K , where DARn�n is a (diagonal) degree matrix such
that Dii ¼∑n

j ¼ 1Kij. The normalized graph Laplacian is defined
as ~L ¼ I�D�1=2KD�1=2, where I is the identity matrix of proper
size. The (normalized) graph Laplacian matrix imposes important

smoothness constraints. To see this, suppose a prediction function
f ð�Þ is evaluated on fxigni ¼ 1, and the prediction is represented as
fARn�1 where f i ¼ f ðxiÞ. Then the smoothness of f with regard to
the graph is given by [1,37]

∑
n

i;j ¼ 1

f iffiffiffiffiffiffi
Dii

p � f jffiffiffiffiffiffi
Djj

p
 !2

Kij ¼ f′ ~Lf;

whose minimization is called the Laplacian regularization. It
enforces a geometric, data-dependent constraint that the predic-
tion should be sufficiently smooth with regard to the manifold
structure of the data. Suppose that we are given a set of labeled
data fxigli ¼ 1 and a large amount of unlabeled data fxigni ¼ lþ1, where
u¼ n� l. By using a loss function Vðy; f ðxÞÞ, Laplacian regularized
semi-supervised learning can be formulated as [1]

min
f

∑
l

i ¼ 1
Vðyi; f ðxiÞÞþγA‖f ‖

2
K þγI

1
n2 f′Lf ð1Þ

here ‖f‖K is the Reproducing Kernel Hilbert Space (RKHS) norm of
the prediction function, γA is the associated regularization para-
meter, and γI is the regularization parameter for the Laplacian
smoothness term. The minimizer of this optimization problem
admits the expansion form:

f nðxÞ ¼ ∑
lþu

i ¼ 1
αiKðxi; xÞ; ð2Þ
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where αi's are the kernel expansion coefficients. Eq. (2) is called
the representer theorem [1].

The Laplacian regularization has been proven as an effective
way for semi-supervised learning [1,36]. One practical concern,
however, is the need to manipulate the n�n kernel matrix which
is the computational bottleneck. On the other hand, as the
representer theorem (2) shows, the decision function is potentially
spanned by all the labeled and unlabeled samples, leading to a
dense model and slow testing.

Various attempts have been made to alleviate the computa-
tional cost of graph-based semi-supervised learning. One direction
is to use low-rank approximation to scale up the optimization
[10–12,26]. These algorithms are typically transductive, and the
low-rank approximation does not consider label information
which can be otherwise beneficial. Another direction is to span
the model by only a small set of basis vectors [18,30], which will
lead to fast training and testing. However, the selection of the basis
is independent of the learning task. Also the training time scales
quadratically with the model size, which is less efficient if a
complex model is needed for difficult tasks.

Recently, the L1-regularized linear regression, also known
as the LASSO [24], has drawn considerable interest. It achieves
simultaneous prediction and globally optimal model selection via
penalizing the L1-norm of the model coefficients. Inspired by it,
we apply the L1-norm penalization on the expansion coefficients
of the low-rank factorized kernel in graph-based semi-supervised
learning. To the best of our knowledge, applying the L1-penaliza-
tion with the low-rank kernel decomposition for semi-supervised
learning is new. Our formulation not only ensures effective
manifold regularization but also enjoys the globally optimal model
selection. We also propose an efficient solution by approximately
transforming our formulation to a standard LASSO, which is quite
scalable to large data. Our algorithm competes favorably with
exact, state-of-the-art algorithms such as Laplacian-RLS [1] and
local and global consistency [34], while at the same time being
orders of magnitudes faster. Compared with several fast semi-
supervised learning algorithms [8,12,30], the accuracy of our
algorithm is quite promising, though only a few times slower.
Overall, our algorithm achieves a good trade-off between accuracy
and scalability.

The rest of the paper is organized as follows. Section 2 intro-
duces the proposed algorithm. In Section 3, we discuss related
algorithms. Section 4 reports experimental results. The last section
concludes the paper.

2. Proposed method

This section details our algorithm. First, we propose the mathe-
matical formulation, i.e., L1-penalization on low-rank kernel
expansion in Laplacian-Regularized Least-Squares (Section 2.1).
The resultant, sparse QP problem can be expensive to compute.
So we propose to apply the Nyström low-rank approximation to
the kernel matrix (Section 2.2), which allows us to transform the
sparse QP to a standard LASSO (Section 2.3) that can be solved very
efficiently.

2.1. L1-penalization of Laplacian-regularized least squares

Given a set of training data fxigli ¼ 1 and unlabeled data fxigni ¼ lþ1,
we can obtain kernel matrix K, degree matrix D, the graph Laplacian
L and normalized graph Laplacian ~L as in the previous section. For
notational simplicity, we define KlARl�n as the rows in the kernel
matrix corresponding to the labeled samples. Note that this can also
be written as Kl ¼ elK where el ¼ ½Il�l 0l�u�.

By using (2), we assume that the classifier is spanned by all the
labeled and unlabeled samples, i.e., f ¼ Kα, where αARn�1 is the
kernel expansion coefficient.1 We also require the model coeffi-
cients to be reasonably sparse considering the training and testing
speed. Therefore we use an L1-norm penalization on the model
coefficients α to control the model complexity. On the other hand,
we require that the estimated labels, Kα, to be smooth with regard
to the graph structure of the data similar to (1), and skipped the
term ‖f ‖K for simplicity. Then we have the following problem:

min
αARn�1

λ1‖Klα�y0‖2þðKαÞ′LðKαÞþλ2jαj1 ð3Þ

here y0ARl�1 is the class labels for the labeled samples. The first
term is a loss function that measures the discrepancy between the
true and estimated labels on the labeled samples (xl). The second
term enforces the smoothness constraint of Kα. The third term
jαj1 ¼∑ijαij is a regularization term, which encourages zero
entries in the model coefficients α, thereby improving the effi-
ciency of the testing phase.

The objective function (3) can be written equivalently as

min
αARn�1

α′Qα�2c′αþλ2jαj1

where Q ¼ K′LKþλ1K′e′lelK

c¼ K ′
ly0 ð4Þ

Formulation (4) is a quadratic programming problemwith a sparsity
constraint, which can be solved in different ways. For example, it can
be re-formulated as a standard QP by decomposing αi's as the
difference of two non-negative terms ai and bi, which gives a
standard QP with 2n variables with 2n non-negative constraints,
and typically has a polynomial time complexity which is expensive
for large n. Another possibility is to resort to an existing optimization
technique like the alternating direction method [29]. This can
provide exact optimal solution for (4).

In this paper, we are interested in obtaining an approximate,
computationally more efficient solution of (4). An interesting
observation here is that by fully exploiting the low-rank structure
of the kernel matrix, problem (4) can be transformed to a standard
LASSO regression, which can then be solved extremely efficiently
due to the availability of various sparse solvers.

2.2. Low-rank approximation in semi-supervised setting

Low-rank matrix approximation is a useful tool for handling
large matrices and reducing the dimensionality. Besides, it also has
applications in dynamic systems [9,21]. In this paper, we are
interested in the low-rank approximation of symmetric, positive
semi-definite matrices (such as the kernel matrix) KARn�n in the
form of

K � GG′; GARn�m; m5n ð5Þ
here GG′ is called the rank-m approximation of K. It has been found
that in many learning problems, the kernel matrix typically has
a fast decaying spectrum [27], justifying the use of the low-rank
approximation technique in reducing the memory and computa-
tional cost. The optimal rank-m approximation is provided by
the eigenvalue decomposition, which can be very expensive. So
we will resort to a popular, sampling-based method called the
Nyström method [11,10,26,31]. For an n�n kernel matrix, the
Nyström method chooses a subset of m rows/columns KnmARn�m,
compute an m�m eigenvalue decomposition on the intersection
of selected rows and columns KmmARm�m, and then approximate

1 In the case of multiple c classes, αARn�c , which is a simple extension of the
binary class formulation.
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the kernel matrix by

K � KnmK
�1
mmK

′
nm ð6Þ

Note that Knm can be computed in O(mn) time, and K �1
mm in Oðm3Þ

time. Using (6), the kernel matrix can be written in factorized form
as

K � GG′; G¼ KnmK
�1=2
mm ð7Þ

in Oðm2nþm3Þ time, which is linear since m5n. Recently, the
Nyströ method has been used successfully to solve problems in
semi-supervised matrix low-rank factorization [32] and transfer
learning [33].

Next we consider how to obtain low-rank approximation of the
Hessian matrix Q in (4), which will allow us to transform the
sparse QP to a LASSO. However, the standard Nyström method is
not fully suited here considering (i) the complex form of Q and (ii)
the existence of labeled samples. Next we will revise the Nyström
method and propose a new sampling scheme to approximate the
Hessian in (4).

Note that the Hessian matrix (4) to be approximated can be
written as

Q ¼ K′LKþλ1K′e′lelK

¼ K′ðI�D�1=2KD�1=2þλ1ΩlÞK
¼ K′D�1=2ðLþλ1DΩlÞD�1=2K;

where we define Ωl ¼ el′el, a diagonal matrix with 1's on diagonal
entries corresponding to labeled samples and 0's elsewhere. Note
that the Hessian matrix has a multiplicative form:

Q ¼ PLlP′
where P ¼ K′D�1=2; Ll ¼ Lþλ1DΩl; ð8Þ

with L¼D�K being graph the Laplacian matrix. In order to obtain
the low-rank approximation of Q in the form of (5), both factors P
and Ll need to be approximated in product form. To approximate P
in factorization form, first we obtain approximation of the kernel
matrix as in (6), then the degree matrix D can be approximated by

D� diagðKnmK
�1
mmK

′
nm1Þ: ð9Þ

Therefore P (8) can be approximated in factorization form. How-
ever, it is nontrivial to obtain a decomposition of Ll (8) based on
that of the kernel matrix K using closed-form operations, since Ll
contains additive terms. The only way is to perform another low-
rank approximation on Ll. However, the Ll incorporates both
labeled and unlabeled information. Therefore it behaves differ-
ently from the kernel matrix and conventional sampling does not
fit here. To see this, observe that Ωl is a diagonal 0/1 matrix with
non-zero diagonal entries only corresponding to labeled examples.
Therefore, Ll is a rectified Laplacian, which augments the ith
diagonal entry of L by λ1Dii if xi is labeled. In such a case, the ith
and jth diagonal entry of Ll would be significantly different even
for two close samples xi and xj if one of them is label and the other
is not. This indicates a strong non-smoothness (for a reasonably
large λ1) for which conventional sampling schemes would fail to
accommodate.

Here we propose a unified sampling scheme that allows us to
obtain low-rank approximation of Q with only one round of
sampling, which can greatly improve the algorithm efficiency.
Suppose we have l labeled samples, and are given a budget of
selecting m landmark points, where we assume lom. Then the
landmark point set Z are chosen from two parts: (i) the labeled
samples; (ii) a set of unlabeled points by the conventional
sampling scheme. The former gives emphasis on label information,
and the latter takes care of the overall data distribution, which
can be selected using conventional sampling schemes on the
unlabeled data. Suppose we have obtained m landmark points

Z, and approximate the kernel matrix K as in (6). Then both P and
Ll (8) in the Hessian matrix Q can be approximated conveniently as
follows:

Q � ðKnmK
�1
mmK

′
nm

~DÞLlðKnmK
�1
mmK

′
nm

~DÞ′
Ll ¼ EW �1E′ ð10Þ
where

E¼ ~D
lð:;ZÞ�Knm

W ¼ ~D
lðZ;ZÞ�Kmm

~D
l
ij ¼

~Dii xiAZ; xi =2L; i¼ j
~Diið1þλ1Þ xiAL; i¼ j

0 ia j

8><
>: ð11Þ

With (10) and (11), the Hessian matrix can be decomposed into a
low-rank factorization form as

Q � FF′

F ¼ KnmK
�1
mmK

′
nm

~DEW �1=2: ð12Þ

2.3. LASSO: from quadratic function to least squares

In this section we show how the sparse quadratic programming
problem (4) can be transformed to a least square problem. We
have the following proposition.

Proposition 1. Suppose the Hessian matrix Q in (4) is positive
definite and has the eigenvalue decomposition

Q ¼ UΛU′; ð13Þ
then the sparse QP problem in (4) is equivalent to the following LASSO
regression:

min
αARn�1

‖Aα�b‖22þλ2jαj1

in that they have the same objective value given the same variable α.
Here, ρ is a constant independent of any variables, and

A¼Λ1=2U′; b¼Λ�1=2U′c: ð14Þ

Proof. Compare the two expansions, α′Qα�2c′αþρ and ‖Aα�
b‖22 ¼α′A′Aα�2b′Aαþb′b, we have Q ¼ A′A and c¼ A′b. Suppose
Λ is invertible,2 by plugging the eigenvalue decomposition Q ¼ UΛU′
and the equality UU′¼ U′U ¼ I, we can show that α′Qα�2c′α
þρ¼ ‖Aα�b‖22 where ρ¼ c′Q �1c is a data-dependent constant. □

Proposition 1 shows that given the eigenvalue decomposition
of the positive definite Hessian, a QP problem can be decomposed
into complete least squares. As a result, the sparse problem (4) can
be transformed equivalently to the LASSO regression problem.

In practice, we cannot obtain an exact eigenvalue decomposi-
tion due to the computational bottleneck, and the Hessian matrix
typically contains many diminishing eigenvalues. Therefore, we
relax the transform in Proposition 1 by replacing U and Λ (14) with
Um and Λm, the eigenvectors corresponding to the dominant m
eigenvalues of Q.

Note that till now what we have about Q is a symmetric, low-
rank decomposition (12), but not its eigenvectors as required in
(13). Next we show how to compute the dominant eigenvectors of
Q using (12) efficiently.

Proposition 2. Given (12), the top m eigenvectors of Q can be
approximated as follows. Compute the eigenvalue decomposition of

2 In case Λ is positive semi-definite, a pseudo-inverse or a small jittering factor
(added to Λ ) can be used.
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the m�m matrix F′F ¼UFΛFU
′
F . Then the eigenvalue and eigenvec-

tors of Q can be approximated by ~Λ ¼ΛF and ~U ¼ FUFΛ
�1=2.

Proof. First we show that ~U contains ortho-normal columns, such
that ~U ′ ~U ¼Λ�1=2U′

F ðF′FÞUFΛ
�1=2 ¼Λ�1=2U′

FUFΛFU
′
FUFΛ

�1=2 ¼ I.
Next we note that ~U ~Λ ~U ′¼ FUFΛ

�1=2ΛΛ�1=2U′
FF′¼ FF′. These com-

plete the proof. □

The whole algorithm is summarized in Algorithm 1. Note that
steps 1–5 take Oðm2nþm3Þ time. Available solvers for the LASSO
regression in step 6 include [14,16]. These solvers have a very low
complexity and as a result our algorithm is also very efficient and
empirically has a linear time complexity with sample size.

Algorithm 1. Given l labeled samples, u unlabeled samples, land-
mark size m, output model coefficients α.

1: Select the landmark set Z by using labeled samples and
m� l unlabeled samples/cluster centers.

2: Compute Kmm, Knm (5) and ~D (9).
3: Obtain low-rank form of Q by (12), (10), and (11).
4: Apply Proposition 2 for approximate eigenvectors of Q.
5: Transform (4) to a standard LASSO by Proposition 1.
6: Use sparse solver to obtain optimal coefficients α.

3. Comparison with related methods

In [11], the Nyström method was used with Woodbury formula
to scale up kernel matrix inverse in Gaussian process regression.
Similarly, the idea was used in [34] for semi-supervised classifica-
tion [12]. These algorithms are transductive and do not generalize
to new samples. On the other hand, they use standard Nyström
sampling without considering any labeled information. In compar-
ison, our sampling scheme can accommodate the “discontinuities”
induced by the labeled samples in the semi-supervised setting.

In the nonparametric function induction [8], the label of sample
xi is reconstructed using labels from a set of anchor points xj's, i.e.,
f ðxiÞ ¼Wijf ðxjÞ=∑jWij. Similar idea is used in the prototype vector
machine [30], where two kinds of prototypes are employed for
approximating the kernel matrix and the classifier, respectively.
These two methods directly specify the kernel basis vectors
independent of the learning task, and may therefore lead to sub-
optimal solutions. In comparison, our approach selects the basis
vectors by coupling it explicitly in the discriminative (regression)
setting, as a joint consequence of minimizing the loss, maximizing
the smoothness, and maintaining a parsimonious model via
L1-regularization. Therefore our method provides a globally opti-
mal model selection.

Another important difference is that in [8] or [30], the model
size is directly determined by m, the number of landmark points.
In case the learning task is difficult and a complex model is
needed, these algorithms will have to choose a large number of
landmark points to learn a complex model. Since complexity of
these algorithms is quadratic with the m, doing this will be very
expensive. In comparison, the model size in our algorithm does
not directly hinge on m: m is only the number of landmark points
needed to approximate the kernel matrix, and once the low-rank
kernel matrix has been approximated, the model size will be
determined adaptively by the L1-norm regularization imposed on
the low-rank factorized kernel. In other words, even very few
landmark points are chosen, our approach can still obtain a dense
model by using a relatively small regularization λ2 (4), and,
computing this model will be highly efficient due to its form of
standard LASSO. In experiments we will further illustrate this
advantage.

The idea of penalizing the L1 norm of a kernel machine can be
traced back to [2], which considers supervised setting and pena-
lizes the L1-norm of the dual variables in SVR with the ε-sensitive
loss. The difficulty is that using a nonlinear kernel will lead to QP
problem that is too expensive. Therefore a linear kernel is usually
applied. A major contribution of our work is to transform the
sparse QP problem using nonlinear kernels to a standard LASSO
via low-rank approximation, which can then be solved quite
efficiently.

In [25], the authors sparsify the Laplacian-SVM by an ε-sensitive
loss function on the Laplacian regularization. In [22], a multi-view
sparse SVM is pursued by using the ε-sensitive loss function with a
globally optimal iterative algorithm. In [19], a sparse combination of
the kernel eigenvectors is computed for prediction, which requires
expensive eigenvalue decomposition. In [28,17], a sparse adjacency
graph is built up by sparse regression of the sample coordinates and
then used for semi-supervised learning. However this requires
applying the LASSO regression repeatedly for each sample point
and efficient alternative computing procedures have to be sought
for large scale problems. In [23], a manifold-preserving sparse graph
was proposed as a representation of sparsified manifolds, which is
incorporated into the Laplacian support vector machine for semi-
supervised learning problems. In comparison, we focus on the
sparsity of the semi-supervised prediction function (in terms of
the number of basis), but not the graph structure itself.

4. Experiments

4.1. An illustrative example

To examine the adaptive model selection of our method, we
test it on the two-moon data, with only one labeled example from
each class. We gradually increase the regularization parameter
λ2 and mark the selected basis in Fig. 1. As can be seen, when the
regularization is strong, i.e., λ2 is large, only samples close to
labeled examples are chosen. As λ2 decreases, more and more
points along the actual decision boundary are included in the
model. Another important observation is that the basis vectors
chosen by our method do not directly depend on the landmark
points chosen for the low-rank approximation of the kernel
matrix.

4.2. Comparison with related algorithms

In this section, we use a number of benchmark data sets from
the libsvm data sets3 and semi-supervised learning book [5] to
evaluate the performance of our algorithm, as summarized in
Table 1. The following methods are compared: (1) LAP-RLS:
Laplacian-regularized least-squares [1]; (2) LGC: learning with
local and global consistency [34]; (3) NYS-LGC: standard Nyström
low-rank approximation to scale up the local and global learning
[12]; (4) NFI: nonparametric function induction[8]; (5) PVM:
prototype vector machine [30]; (6) L1-LRK: our approach L1-
penalization on the low-rank kernel.

Our codes are written in Matlab and run on a Intel(R) Q9400
2.66 GHz PC with 4 GB memory. The experimental setting is as
follows. The number of labels per each class is chosen as 50. The
Gaussian kernel Kðxi;xjÞ ¼ expð�‖xi�xj‖2n γÞ is used in our
experiments. Parameters of different algorithms are chosen as
follows. (1) LAP-RLS: the two regularization parameters in (1) are
chosen as γAAf10�2;1;102g, γIAf10�4;10�3;…;102g; (2) LGC:
the regularization parameter μ in Eq. (4) in [34] chosen from

3 http://www.csie.ntu.edu.tw/�cjlin/libsvmtools/datasets/
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f10�2;1;102g; (3) NYS-LGC: similar to setting in LGC; (4) NFI: the
regularization parameter for the loss term is chosen as C1Af10�2;

1;102g; (5) PVM: the two regularization parameters in Eq. (9) are
set as C1Af10�2;1;102g and C2 ¼ 0; (6) L1-LRK: the two para-
meters in (4) are chosen as λ1Af10�2;1;102g, λ2Af10�4;

10�3;…;102g. The number of landmark points m for methods
(3)–(6) is chosen as m¼ 10%n if no3000; and m¼200 if
n43000. The γ used in Gaussian kernel is chosen among
γ0 � 2f�5;�4;�3;�2;�1;0;1;2;3;4;5g where γ0 is the reciprocal of the
averaged distance between data points. The reported results are
based on the average of 30 random repeats.

The classification error and overall time consumption (training
and testing) are summarized in Table 2. Since semi-supervised
learning typically has very limited labels, it is impractical to use
cross-validation for parameter selection. So we try different
parameters and report the minimal error rate for each algorithm.
As to the λ2 in our method, since on many data sets a denser
model tends to perform better, we report our results using a fixed
regularization parameter λ2 ¼ 0:1, for which obtained models are
sparse on most data sets.

As can be seen, our algorithm performs competitively with
complete algorithms like Lap-RLS and LGC, but our algorithm is
one or two orders of magnitude's faster and the larger the data
size, the more obvious the efficiency. Compared with the fast
algorithms like PVM, NYS-LGC, and NFI, the accuracy of our

algorithm is quite promising, though the time consumption is
typically several times slower. It can also be observed that on some
data sets with relatively higher dimension, our approach performs
very well. In practice, one can enforce stronger regularization for
higher efficiency, say, let λ2 grow with the number of samples. We
perform paired Student-t test and for each task, we mark the
winner(s) statistically better than the rest with a confidence level
that is at least 95%. The number of winning tasks for each method
is also listed in Table 2.

To further examine how the model sparsity affects the classi-
fication error, we gradually increase the L1-regularization para-
meter λ2 from 10�4 to 102. In Fig. 2, we plot the classification error
with regard to the model size (m/n). As can be seen, on some data
sets such as USPS and DIGIT (Fig. 2(b)), the classification accuracy
is insensitive to the regularization parameter, meaning that our
algorithm can almost always obtain a parsimonious model with
accurate performance. On some data sets such as G241C and
SPLICE (Fig. 2(a)), the classification accuracy deteriorates in the
case of very sparse model, and gradually improves when the
model becomes denser. This indicates the learning task is compli-
cated and requires larger number of basis. On such data sets, there
is still a flat domain of the error-vs-model curve, indicating that a
reasonably sparse model can still be obtained with good predicting
performance.

In Fig. 3(a), we examine the training time of PVM, NFI and our
method with regard to the model size. For PVM and NFI, the model
size is bounded by m; for our method, this is achieved by fixing m
at a small value and changing the regularization parameter λ2. As
can be seen, as the intended model size increases, the training
time of both PVM and NFI grows quickly; while that for our
algorithm is much lower. This demonstrates the advantage of our
algorithm in obtaining the complex model in an efficient manner.
Fig. 3(b) plots the overall time consumption of our approach on
the cover-type data with regard to (gradually increasing) sample
size, which is very close to a linear trend.

In Fig. 4, we summarize the results in Table 2 by plotting the
errors of the 6 algorithms on altogether 21 data sets. As can be
seen, our algorithm achieves a good trade-off between scalability
and accuracy.

5. Conclusion

In this paper, we propose to apply the L1-norm penalization on the
coefficients of a low-rank kernel expansion. The resultant problem can
be transformed approximately to a standard LASSO, rendering great
efficiency in seeking a globally optimal model in semi-supervised
training. Competitive performance is obtained on a large number of
benchmark data sets, in terms of the tradeoff between scalability and
accuracy in semi-supervised classification problem. Our work can be
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Fig. 1. When the L1-regularization gradually diminishes, more and more basis vectors are included in the model, expanding from labeled samples to class boundaries, and
ultimately to the whole data sets. (a) Large regularization, (b) median regularization and (c) small regularization.

Table 1
Summary of data sets.

Data Sample size Dimension #classes Source

G241C 1500 241 2 ssl book
G241D 1500 241 2 ssl book
DIGIT 1500 241 2 ssl book
USPS 1500 241 2 ssl book
COIL2 1500 241 2 ssl book
COIL 1500 241 6 ssl book
TEXT 1500 11960 2 ssl book
USPS56 1220 256 2 ssl book
USPS49 1296 256 2 ssl book
USPS38 1200 256 2 ssl book
USPS27 1367 256 2 ssl book
ADULT1-A 1605 123 2 ssl book
SEGMENT 2310 29 7 libsvm
SPLICE 3175 60 2 libsvm
DNA-FULL 3186 180 3 libsvm
SATIMAGE 6435 36 6 libsvm
SVMGUIDE-1A 7089 4 2 libsvm
USPS 7291 256 10 libsvm
MNIST 70 000 780 10 libsvm
REALSIM 72 309 20 958 2 libsvm
IJCNN 141 191 22 2 libsvm
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extended in several directions. First, we will conduct more principled
analysis on how the low-rank approximation affects the optimal
solution of the sparse quadratic programming problem. Second, we

will expand our algorithm to the use of hinge loss function in SVM.
Third, we can apply adaptive, data-dependent sparsity constraint [38],
which is expected to provide better results.

0 20 40 60 80 100
0

10

20

30

40

50

60

model size (%)

C
la

ss
ifi

ca
tio

n 
E

rr
or

(%
)

COIL2
COIL1
G241C
SPLICE
DNA

0 20 40 60 80 100
0

5

10

15

20

25

30

Model size (%)

C
la

ss
ifi

ca
tio

n 
E

rr
or

(%
)

DIGIT1
USPS
SEGMENT
USPS38
SATIMAGE

Fig. 2. Classification error versus the L1-norm regularization parameter λ2. (a) Gradually decreasing error rate w.r.t. λ2 and (b) stable error rate w.r.t. λ2.

Table 2
The classification error (%) and time consumption (in seconds) of different algorithms.

Data Exact methods Approximate methods

LGC (transductive) LAP-RLS (inductive) NYS-LGC (transductive) NFI (inductive) PVM (inductive) L1-LRK (inductive)

Error
G241C 23.0372.09 24.8273.50 23.9772.73 28.4077.01 27.8572.78 17.9871.41
G241D 25.5673.85 25.2173.32 29.3374.60 29.1475.57 24.4972.28 22.4173.05
DIGIT 3.1970.72 4.9371.07 5.4671.08 4.6271.05 3.8370.80 4.8271.07
USPS 4.4270.70 7.8571.56 7.6271.39 5.1570.76 5.8570.76 7.2871.04
COIL2 10.0672.95 11.8771.92 15.8672.39 12.6372.60 12.5272.27 10.7271.90
COIL 6.4170.91 10.1771.37 17.9971.92 56.3971.07 11.7471.63 10.2771.37
TEXT 22.3070.59 24.4770.87 24.9572.55 30.5371.64 28.8972.33 23.4972.14
USPS56 3.1170.73 2.3970.62 4.4371.34 2.9770.60 3.2870.90 1.9970.43
USPS49 7.8371.74 3.4671.29 9.9172.09 7.4671.35 7.5471.17 3.7871.16
USPS38 3.8570.66 3.7870.79 5.2570.69 3.8570.77 4.7470.73 3.6870.64
USPS27 2.9970.71 1.4370.25 3.1470.56 3.5970.89 2.1470.71 2.2970.61
ADULT1-A 23.0170.27 29.7772.18 22.3571.28 28.7671.91 22.3871.06 25.4271.71
SEGMENT 7.6870.95 7.3570.83 9.2871.10 9.1870.89 7.1670.68 7.2570.86
SPLICE 27.9571.89 29.1274.42 29.7373.63 28.7572.73 26.0971.86 22.8073.13
DNA 27.0873.95 24.1372.98 31.0273.10 42.6773.10 20.8371.31 19.4871.85
SATIMAGE 14.4670.41 14.5470.57 16.0070.41 23.5470.78 14.6470.70 14.5770.63
SVMGUIDE-1A 4.7370.53 6.1770.60 4.6970.34 4.7870.54 4.8270.47 4.5870.44
USPS 6.6370.57 8.5770.35 18.6771.38 13.9771.34 7.3570.64 8.7870.30
MNIST – – 20.2770.11 13.9670.23 11.0870.13 13.2070.07
REAL-SIM – – 13.0170.89 12.8671.08 20.273.19 12.8270.84
IJCNN – – 9.5970.05 15.4170.98 9.2070.52 9.5970

# Wins 7 3 2 2 4 9

Overall time
G241C 58.45 72.60 0.25 0.13 0.63 0.64
G241D 76.42 57.18 0.25 0.14 0.65 0.66
DIGIT 67.89 56.64 0.24 0.12 0.63 0.55
USPS 42.60 40.74 0.20 0.11 0.64 0.49
COIL2 67.60 44.91 0.15 0.08 0.45 0.62
COIL 57.11 38.31 0.14 0.07 0.43 0.81
TEXT 112.25 133.75 0.83 1.48 11.93 15.42
USPS56 30.71 28.94 0.70 0.20 0.98 0.55
USPS49 19.55 23.03 0.73 0.28 1.27 0.57
USPS38 15.65 11.60 0.28 0.20 0.73 0.31
USPS27 34.12 35.43 0.52 0.27 1.12 0.66
ADULT1-A 49.74 37.15 0.48 0.16 0.71 0.71
SEGMENT 190.22 110.00 0.46 0.19 0.76 6.06
SPLICE 606.33 596.22 0.55 0.19 1.03 1.16
DNA 619.75 605.90 0.30 0.15 0.96 2.80
SATIMAGE 3203,46 3259.88 0.43 0.23 1.28 6.56
SVMGUIDE-1A 4180.50 4082.17 0.48 0.32 1.26 13.74
USPS 5182.86 4582.87 0.48 0.37 2.39 15.85
MNIST – – 137.11 117.15 917.67 215.52
REAL-SIM – – 22.90 20.97 231.93 38.61
IJCNN – – 51.35 48.33 267.08 53.81
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