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MOTEA-II: A Collaborative Multiobjective
Transformation-Based Evolutionary Algorithm

for Bilevel Optimization
Lei Chen , Yiu-Ming Cheung , Fellow, IEEE, Hai-Lin Liu , Senior Member, IEEE, and Yutao Lai

Abstract—Evolutionary algorithms (EAs) for optimization
have received wide attention due to their robustness and
practicality. However, the traditional way of asynchronously
handling bilevel optimization problems (BLOPs) ignores the
benefits brought by effective upper- and lower-level collaboration.
To address this issue, this article proposes a collaborative
multiobjective transformation (MOT)-based EA (MOTEA-II).
In MOTEA-II, the BLOP is handled within a decomposition-
based multiobjective optimization paradigm using a two-stage
collaborative MOT strategy. The stage-1 MOT focuses on
multiple lower-level optimizations and collaboration, while stage-
2 collaborates the upper-level optimization with lower-level
optimization, which makes simultaneously horizontal and ver-
tical optimization information sharing in bilevel optimization
possible. In addition, a dynamic decomposition strategy is
further proposed to reconstruct the hierarchy relationship in
collaborative multiobjective optimization, facilitating the adap-
tive and flexible importance control of the upper-level objective
optimization and lower-level optimality satisfaction for better-
bilevel search efficiency. Empirical studies are conducted on
two groups of commonly used BLOP benchmark suites and
four practical applications. Experimental results show that the
proposed collaborative MOTEA-II can achieve performance
comparable to that of the previous MOTEA and three other
representative EA-based bilevel optimization approaches, but
using much fewer computational resources.

Index Terms—Collaborative multiobjective transformation,
dynamic decomposition, evolutionary bilevel optimization.
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I. INTRODUCTION

B ILEVEL optimization presents a unique hierarchical
decision system, where the upper-level objective eval-

uation requires the lower-level optimal solution [1]. Bilevel
optimization problems (BLOPs) can historically date back to
the 1934 Stackelberg competition model [2]. Since then, its
application has been found in various areas, such as neural
architecture search [3], supply chain management [4], [5], and
medical waste collection [6]. However, BLOPs are notoriously
difficult to solve due to their hierarchical structure, resulting
in a kind of NP-hard problems [7]. More specifically, a
complete lower-level optimization is required for each time
of the upper-level objective evaluation, which is computa-
tionally intensive, especially if there are challenging features,
such as ill-condition, multimodality, or deceptiveness in the
lower-level objective. As a result, checking the optimal-
ity of any given solution in complex bilevel optimization
may also be NP-hard [8]. Classic mathematical methods for
bilevel optimization often involve BLOPs simplification [9]
or approximation [10]. However, these methods highly reply
on the analytical property, and thus may not be effective for
real-world BLOPs usually featured by nonlinearity, nondiffer-
entiability, or high dimensionality.

The population search-based Evolutionary algorithms (EAs)
are a type of meta-heuristics, which only use objective function
value for optimization, providing an alternative way for com-
plex real-world bilevel problem optimization [11], [12], [13].
In particular, EAs or EAs hybrid with other meta-heuristics
for bilevel optimization have gained popularity in the past
decade [14], [15], with different usage and implementation
styles resulting in four main groups of methods.

1) The first group utilizes deterministic strategies to
simplify or solve the lower-level problems. These simpli-
fication methods involve using EAs or similar techniques
on a simplified version of the original BLOP. For
instance, in the case of linear bilevel programming
problems, a genetic algorithm based on the simplex
is proposed in [16] for the simplified BLOP using
the Kuhn–Tucker conditions. Furthermore, Camacho-
Vallejo et al. [17] and Calvete et al. [18] utilized the
simplification strategy for solving the bilevel model of
the real-world facility location problem. In addition,
a deterministic method is applied for the lower-level
optimization, and then the upper-level optimization is
carried out by an EA [19], [20]. However, deterministic
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strategies rely on suitable mathematical properties,
which limits the application of these methods for com-
plex BLOPs.

2) The second group category involves using two
populations for upper- and lower-level problems,
separately. The first attempt is to solve the lower-
level problem using one search population, followed
by applying another population-based search for the
upper-level problem [21], [22]. Despite the advan-
tages of utilizing gradient-free search in upper-level
optimization, these direct nesting methods often face
challenges, such as dealing with numerous lower-
level optimization tasks, due to problem specifications
or heavy computational burdens. Another attempt is
the co-evolutionary approach, where two populations
are evolved for upper- and lower-level problems with
periodic information exchange, as first proposed by
Oduguwa and Roy [23]. In [24], a rationality-based
performance assessment method is proposed for co-
evolutionary bilevel optimization, and co-evolutionary
approaches to combinatorial BLOPs are also extensively
studied [25], [26]. However, due to the lack of nested
strategies, the inner hierarchy relationship of BLOPs
cannot be effectively handled by these co-evolutionary
approaches.

3) The third group of methods for bilevel optimization
approximates key upper- and lower-level mapping
relationships using various surrogate models, and
roughly two subgroups can be seen. In the first
subgroup, surrogate models are utilized to approxi-
mate the optimal value function of the lower-level
problem [27], [28], [29]. For instance, a fitted second-
order polynomial model is proposed in [27] to directly
approximate the lower-level problem. By contrast, the
second subgroup utilizes various surrogate models,
including the radial basis function (RBF) model [30],
the similarity-based model [31], the response sur-
face model [32], and the Kriging model [33], [34],
to directly estimate the lower-level optima of given
upper-level variables. Both upper- and lower-level
optimization [35], [36] utilize surrogate-assisted search.
Due to their problem-specific nature, these surrogate
models cannot be widely applied. In addition, those
approximation procedures would lead to infeasible
bilevel solutions. As a result, slight deviations from
the true lower-level optima are unavoidably in these
approximation processes. During optimization, these
deviations could accumulate and ultimately cause the
bilevel optimization to fail if not managed properly.

4) In the fourth group, various interaction strategies
between the upper- and lower-level optimizations, or
among multiple lower-level optimizations, are uti-
lized to improve the bilevel optimization efficiency.
For example, combined with evolutionary multitasking,
Gupta et al. [37] presented an EA-based multitask-
ing learning framework to manage more than one
lower-level optimization for BLOPs. He et al. [38]
suggested utilizing the marginal distribution of the

upper-level Gaussian distribution with the mean and
covariance matrix adapted by the evolution strategy
(CMA-ES) to initialize the lower-level CMA-ES-based
search. In [39], [40], the collaboration between upper-
and lower-level variables is utilized for scalable bilevel
optimization. In [41], a transfer learning-based collabo-
ration framework is established for multiple lower-level
optimization tasks, and a collaboration mechanism in
a single population for lower-level optimization is
proposed in [42]. In addition, bilevel optimization
based on the multiobjective transformation (MOT) rep-
resents another trend to improve the performance of
EA-based approaches. For instance, an MOT-based
EA (MOTEA) for bilevel optimization is designed
to collaboratively optimize lower-level problems in a
multiobjective paradigm to quickly evaluate a set of
upper-level population members [43].

To sum up, the aforementioned studies have demonstrated
the importance of interaction strategies for EA-based bilevel
optimization. In particular, within the multiobjective paradigm,
the MOT-based bilevel optimization in previous MOTEA has
provided a new way for bilevel optimization, which enables the
parallel and collaborative optimization for a group of lower-
level problems, by solving the corresponding multiobjective
decomposition subproblems. However, these existing evolu-
tionary approaches to bilevel optimization tend to treat upper-
and lower-level problems asynchronously, i.e., perform a
complete lower-level search under the guidance of upper-level
variables and then utilize the lower-level optima to continue
the upper-level search. The upper-level guidance could be
regarded as an equality constraint for lower-level optimization,
which can be relaxed in a controlled manner during the
search process similar to equality constraint handling. For this
reason, these traditional EA approaches to bilevel optimization
typically strive for strict upper-level guidance, which does
not allow enough flexibility for genetic operators to evolve
the search population due to the extremely small feasible
regions for the equality constraint. In addition, the idea of
asynchronous optimization neglects the potential benefits of
collaboration between upper- and lower-level optimization,
thus hindering full utilization of the lower-level optimization
information to improve upper-level optimization. To be more
clear, the lower-level objective value can be viewed as an
indicator of lower-level optimality satisfaction in a controlled
neighborhood because closer upper-level variables mean sim-
ilar lower-level optimization tasks under mild conditions.
Therefore, the lower-level objective values could provide
valuable information for the upper-level evolutionary search,
and this potential is often overlooked in most EA-based bilevel
optimizations.

To address this research gap, this article proposes a collabo-
rative MOT-based EA, named MOTEA-II for solving BLOPs,
aiming to simultaneously consider the horizontal collabora-
tion among multiple lower-level optimizations and vertical
collaboration between upper- and lower-level search in a
multiobjective paradigm. In MOTEA-II, a novel collaborative
MOT strategy with two different stages is proposed to formu-
late the multiobjective optimization problem (MOP) from the
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original BLOP using both upper- and lower-level objectives.
In particular, the lower-level prioritized stage-1 MOT is first
conducted as the degree of lower-level optimality satisfaction
plays an important role in EA-based bilevel optimization. The
stage-1 MOT problem is formulated utilizing the similarity
of lower-level problems with close upper-level variables,
with the aim to correspond the required multiple lower-level
optima to the Pareto-optimal solutions. In stage-2 MOT, the
BLOP is completely handled as an MOP derived from the
stage-1 MOT problem by a multiobjective search. By jointly
optimizing the upper- and lower-level objectives, the stage-
2 MOT enables MOTEA-II to collaboratively capture the
inherent hierarchy and interdependencies of the upper- and
lower-level problems. To better handle the captured hierar-
chy and interdependencies in the multiobjective paradigm,
MOTEA-II further introduces a dynamic weight design strat-
egy with two independent parts for the decomposition-based
multiobjective population update. The first part is specially
designed for decomposition-based stage-1 MOT problem
optimization, which is dynamically constructed using upper-
level variables based on the proposed boundary-shrunken
strategy to focus on the lower-level optimality. Thus, the
stage-1 MOT problem can be solved in the multiobjective
paradigm to obtain multiple lower-level optima in a single run,
allowing for horizontal collaboration among multiple lower-
level optimizations. The second part dynamically considers the
importance of upper-level objective optimization and lower-
level optimality satisfaction in the multiobjective paradigm on
the optimization process, providing a vertical collaboration
scheme for bilevel optimization. The dynamical decomposition
strategy in MOTEA-II enables adaptive and flexible control
for lower-level optimality while maintaining effective collab-
oration between upper- and lower-level search. As highlighted
in a recent review by Camacho-Vallejo et al. [15], the MOT
approach has yet to be explored in developing metaheuris-
tics for solving BLOPs. Therefore, the proposed two-stage
collaborative MOT strategy allows for a novel approach to
BLOPs, which addresses a significant gap in the literature on
bilevel optimization by first leveraging this collaborative MOT
approach. Extensive comparative evaluations are conducted
to validate the proposed collaborative MOTEA-II algorithm
against MOTEA and three representative EA-based bilevel
optimization approaches on two groups of widely used BLOP
benchmark test suites and four practical applications. The com-
parison confirms the comparable performance of MOTEA-II,
highlighting its superiority over existing algorithms in compu-
tational cost.

The main contributions of this study can be summarized as
follows.

1) The proposed two-stage collaborative MOT sets a
new precedent for effectively tackling BLOP in
a multiobjective optimization paradigm. The stage-
1 MOT focuses on multiple lower-level optimization
processes collaboration, while stage-2 collaborates the
upper-level optimization with lower-level optimization,
which makes simultaneous horizontal and vertical
optimization information sharing in bilevel optimization
possible.

2) A dynamic decomposition strategy is specially designed
in MOTEA-II to reconstruct the hierarchical relationship
in collaborative MOT-based bilevel optimization. This
strategy ensures that the selection process dynami-
cally considers the varying importance and influence of
lower-level optimality during the optimization process,
allowing for a better way to balance the importance of
lower-level optimality satisfaction and upper-level objec-
tive optimization for better-bilevel search efficiency.

3) Two popular BLOP benchmark test suites and four
practical problems are used to evaluate and verify
the effectiveness and efficiency of MOTEA-II. Result
comparisons and analysis with the previous MOTEA and
three other representative EA-based bilevel optimization
methods demonstrate the superior performance of
MOTEA-II with less computational cost, highlighting its
high efficiency in solving BLOPs.

The remainder of this article is structured as follows.
Section II introduces the background and preliminaries for this
study. Section III presents the collaborative MOT method and
fundamental MOTEA-II algorithmic framework in detail. In
Section IV, the performance of the collaborative MOTEA-II
is empirically evaluated in comparison with the previous
MOTEA and three other representative EA-based methods for
BLOPs. Finally, Section V draws a conclusion.

II. PRELIMINARIES

In this section, background information relevant to this
study is presented, including the basic concepts of bilevel
optimization, multiobjective optimization, and the previous
MOTEA.

A. Bilevel Optimization

In general, a BLOP with the upper-level variable vector xu

and the lower-level variable vector xl can be mathematically
described below

min
xu∈Xu,xl∈Xl

Fu(xu, xl)

s.t. xl ∈ argmin{f l(xu, xl) : gi(xu, xl) ≤ 0, i = 1, 2, . . . , I}
Gj(xu, xl) ≤ 0, j = 1, 2, . . . , J (1)

where Fu : R
m × R

n → R and f l : R
m × R

n → R are
the upper-and lower-level objective function, respectively. The
box constraints of m-dimensional upper-level variables and
n-dimensional lower-level variables are denoted as Xu and Xl,
while Gj : Xu × Xl → R and gi : Xu × Xl → R are the
jth upper-level constraint (j = 1, 2, . . . , J) and the ith lower-
level constraint (i = 1, 2, . . . , I). According to the definition,
the evaluation of the upper-level objective function requires
lower-level optimal solutions following upper-level variables.
Intuitively, we can define the following mapping �0 : Xu → Xl

to directly represent lower-level optimal solutions of any given
upper-level variable vector xu

�0(xu)

= argminxl∈Xl
{f l(xu, xl) : gi(xu, xl) ≤ 0, i = 1, 2, . . . , I}.

(2)
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In this study, the optimistic bilevel optimization model is
considered when �(xu) contains multiple lower-level optimal
solutions. Therefore, we furthermore define

�(xu)

= argminxl∈�0{Fu(xu, xl) : Gj(xu, xl) ≤ 0, j = 1, 2, . . . , J}.
(3)

With the above-defined �(xu), a BLOP can be evaluated by
replacing the constrained lower-level variable xu with �(xu)

in the upper-level objective function.

B. Multiobjective Optimization

To minimize m + 2 mutual conflict objectives, we can
define the following continuous MOP:

min
x∈X

f(x) = (f0(x), f1(x), . . . , fm+1(x)) (4)

s.t. ck(x) ≥ 0, k = 1, 2, . . . , K

where x is the variable vector in the variable space X, and
ck(x) ≥ 0 is the kth constraints (k = 1, . . . , K). The m +
2 real-valued objective functions f0, f1, . . . , fm+1 form the
objective vector mapping f : X → R

m+2, with R
m+2 as

the objective space. Due to the conflicts in these objectives,
we can only obtain a set of tradeoff solutions, known as
the Pareto-optimal Set (PS), for any given MOP, and the
corresponding Pareto-optimal objective vectors are named as
Pareto Front (PF) [44]. Multiobjective optimization aims to
find a proper approximation of the PF, which can be achieved
by EAs based on decomposition with controlled parallelism
in an evolving population [45]. Evolutionary multiobjective
optimization based on decomposition vectors represents a
recent trend in optimization [46], [47]. In MOEA/D [46], a
multiobjective EA based on decomposition, a set of single-
objective optimization subproblems are generated by the
multiobjective decomposition from the MOP and then solved
collaboratively. In addition, the population decomposition-
based MOEA/D-M2M [47], establishes subpopulation-based
parallel search by decomposing the complex MOP into a set
of relatively simple multiobjective optimization subproblems.

C. MOTEA

In the MOTEA study [43], a lower-level MOT method
is established to formulate an MOP with a set of upper-
level variable vectors and solved by an EA-based method. To
construct an MOP from the given BLOP, MOTEA uses the
m-dimensional upper-level vector xu = (xu1 , xu2 , . . . , xum) to
form the PF vector p(xu) = (p1(xu), p2(xu), . . . , pm+1(xu)),
and the lower-level variables as the distance variables to form
the PS distance function. The m + 1 PF shape functions
pi(xu) ≥ 0 (i = 1, 2, . . . , m + 1) are mutual conflicts, such
as the PF formulated by the m upper-level variables, can be
viewed as a manifold in the (m + 1)-dimensional objective
space. For this purpose, to have a unit sphere PF shape
in R

m+1, the PF vector function utilized in MOTEA is as
follows:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p1(xu) = cos
(

π
2 xN

u1

)
cos

(
π
2 xN

u2

) · · · cos
(

π
2 xN

um

)

p2(xu) = cos
(

π
2 xN

u1

)
cos

(
π
2 u2

N
) · · · sin

(
π
2 xN

um

)

. . .

pm+1(xu) = sin
(

π
2 xN

u1

)

(5)

where the ith position variable xN
ui
= [(xui − xlb

ui
)/(xub

ui
− xlb

ui
)] ∈

[0, 1] (i = 1, 2, . . . , m) is obtained by normalizing the ith
upper-level variable xui using its upper and lower boundary
(xub

ui
and xlb

ui
). To generate the objective space, lower-level

variables combined with the objective formulate a non-
negative term h(xu, xl). In the following MOP formulation,
PF shape functions are multiplied with the lower-level vector-
related term related to distance variables:

min:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f1(xu, xl) = p1(xu)(1+ h(xu, xl))

f2(xu, xl) = p2(xu)(1+ h(xu, xl))

. . .

fm+1(xu, xl) = pm+1(xu)(1+ h(xu, xl))

s.t.

{
gi(xu, xl) ≤ 0, i = 1, . . . , I,
Gj(xu, xl) ≤ 0, j = 1, 2, . . . , J

(6)

where the m + 1 transformed objective value functions
f1(xu, xl), f2(xu, xl), . . . , fm+1(xu, xl) forms the transformed
multiobjective vector: f(xu, xl) from the original BLOP. The
non-negative term h(xu, xl) determines the distance to the PF,
and h(xu, x∗l ) = 0 when x∗l = �(xu), which means that the
Pareto-optimality has been achieved, i.e., (xu, x∗l ) is Pareto
optimal. For the transformed MOP, MOTEA proposes using
a modified PBI to calculate the fitness value for objective
decomposition

g((xu, xl)|w) = d1(f(xu, xl))+ θ
√

d2(f(xu, xl)) (7)

where d1 and d2 are the projection distance function and per-
pendicular distance function, respectively. The decomposition
vector w is generated from the upper-level variables by the PF
shape functions shown in (5).

III. MOTEA-II FOR COLLABORATIVE

BILEVEL OPTIMIZATION

This section introduces the proposed collaborative MOT-
based EA (MOTEA-II) for bilevel optimization in detail.

A. Collaborative MOT

Due to their nested structure, the inherent hierarchical
structure of bilevel optimization has to be seriously considered
when transforming bilevel optimization into multiobjective
optimization. For this reason, the collaborative MOT strategy
handles upper- and lower-level objectives in different ways.
First, the lower-level related multiobjectives are designed
aiming at obtaining multiple lower-level optima for a set
of upper-level variable vectors, and thus, the bottom-up
MOP generator is applied to construct the lower-level related
optimization objectives similar to the way in MOTEA [43].
Notice that the lower-level transformed objectives could mea-
sure the degree of lower-level optimality, the upper-level
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objective can then be directly combined to form the following
collaborative MOT problem:

min:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

f0(xu, xl) = Fu(xu, xl)− Fu
min

f1(xu, xl) = p1(xu)(1+ h(xu, xl))

f2(xu, xl) = p2(xu)(1+ h(xu, xl))

. . .

fm+1(xu, xl) = pm+1(xu)(1+ h(xu, xl))

s.t.

{
gi(xl, xu) ≥ 0, i = 1, . . . , I
Gj(xl, xu) ≥ 0, j = 1, . . . , J

(8)

where the first objective f0(xl, xu) is a linear transformation
of the upper-level objective and Fu

min is the best-upper-level
objective value currently obtained. The rest m + 1 objectives
f1, f2, . . . , fm+1 are lower-level transformed multiobjective.
Thus, the BLOP is transformed into a (m + 2)-dimensional
collaborative MOP that considers upper- and lower-level
objectives together in the multiobjective paradigm. To fulfill
this requirement of h(xu, x∗l ) = 0 when x∗l = �(xu), the
following strategy is utilized to generate h(xu, xl) for any given
xu:

h(xu, xl) =
√

f l(xu, xl)− f l
(
xu, x∗l

)
. (9)

In reality, f l(xu, x∗l ) is not the preknowledge for the optimizer,
and thus, MOTEA-II also utilizes the estimated f l(x̂u, x̂l)) in
the formulation of h(xu, xl) as in previous MOTEA.

In the above collaborative MOT problem, the upper-
and lower-level related objectives are treated equally in
multiobjective optimization, and thus the bilevel search pop-
ulation may be trapped in an infeasible area with a superior
upper-level objective value. In this case, the fittest-preferred
selection mechanism cannot direct the lower-level search
population back to the feasible areas, which fails the bilevel
optimization. For this reason, the proposed collaborative MOT
strategy in MOTEA-II applies the two versions of MOT
problems in two different but interactive stages. The stage-1
MOT problem in (6) as a part of (8) with only the lower-level
related objectives is first considered to maintain lower-level
optimality. After that, the stage-2 MOT problem shown in
(8) is handled by considering the upper- and lower-level
optimization collaboratively in the multiobjective paradigm.
For the stage-2 MOT problem, MOTEA-II implements a
dynamic weight design strategy to guide the environmen-
tal selection process. This strategy adaptively adjusts the
importance of upper- and lower-level related objectives in
(8), balancing the importance of the upper-level objective
and lower-level optimality at various evolutionary stages. The
entail process and basic idea of the two-stage collaborative
MOT in the proposed collaborative MOTEA-II can be seen in
Fig. 1.

We would like to make the following comments about the
proposed collaborative MOT strategy.

Remark 1: The two-stage collaborative MOT serves as
a nesting strategy to deal with the hierarchic nature of
bilevel optimization such that BLOPs can be handled in the
multiobjective paradigm collaboratively. In addition, the equiv-
alence of optimizing the stage-1 MOT problem and searching

for multiple lower-level optima has been theoretically analyzed
in the supplementary material.

Remark 2: MOTEA-II enables a unified framework where
both the upper-level and lower-level objectives are addressed
simultaneously as part of the same optimization process. In
contrast, co-evolutionary approaches maintain a hierarchical
structure with separate populations and iterative interaction,
often incurring higher-computational costs. This fundamental
difference in problem representation and solution strategy
distinguishes MOTEA-II as a more integrated and practical
approach for complex bilevel optimization tasks.

B. Dynamic Decomposition Weights Design

For a BLOP with m upper-level variables, the number of
transformed objectives is m + 2 by the proposed collabo-
rative MOT, which is more likely to be a many-objective
optimization problem, i.e., MOPs with more than three objec-
tives. EAs to decompose the MOP into a set of single-objective
subproblems with given weight vectors provide a plausible
and effective way to deal with the so-called many-objective
optimization problems. For the stage-1 MOT problem, the
evolving upper-level variables can be utilized for weight
design following the theoretical analysis in the supplementary
material. The weight design for the stage-2 MOT problem
needs to adjust the importance of upper- and lower-level
related objectives at various evolutionary stages. Thus, two
different dynamic weight design strategies are needed to
apply the decomposition-based EA for the collaborative MOT
problems of BLOP.

1) Lower-Level Dynamic Weights: In MOTEA-II, the
stage-1 MOT problem is solved to obtain the lower-level
optimal solutions associated with a set of upper-level variable
vectors: x1

u, x2
u, . . . , xupsize

u for each generation of stage-2
MOT-based search. From this perspective, the decomposition
weights for the stage-1 MOT problem are natural to dynam-
ically use the guidance from upper-level variables. Another
thing to be aware of is that the lower-level transformed
objective space may be of high dimensionality, and the over-
scattered decomposition vectors mean that the corresponding
subspaces may be extremely large. In this circumstance, the
effectiveness and efficiency of mutual information sharing and
collaboration among multiple lower-level optimizations are
compromised. For this reason, MOTEA-II proposes using the
dynamic boundary-shrunken strategy to shrink the upper-level
variable boundaries (upper: xub

ui
and lower: xlb

ui
), to concentrate

the generated decomposition vectors in controlled and related
areas within the transformed high-dimensional objective space.
With the dynamic factor ρ = 1/(1 + exp(−8×UFEs

UFEmax
)), the

boundary-shrunken strategy can be defined in the following:

xlb′
ui
= (1− ρ)× xlb

ui
+ ρ ×

upsize
min
j=1
{xuj}

xub′
ui
= (1− ρ)× xub

ui
+ ρ × upsize

max
j=1
{xuj} (10)

where the original variable boundary is emphasized initially
for better exploration of the stage-1 MOT-based population
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Fig. 1. Illustration of the two-stage collaborative MOT for a BLOP.

search and becomes more concentrated to enhance exploita-
tion. With the shrunken boundaries, the ith upper-level variable
xui is first normalized into [0, 1] (i = 1, 2, . . . , m) as follows:

xN
ui
= xui − xlb′

ui

xub′
ui
− xlb′

ui

. (11)

With the normalized xu, denoted as xN
u , we can

have the lower-level decomposition weights w(xu) =
(p1(xN

u ), p2(xN
u ), . . . , pm+1(xN

u )) using (5) for the stage-1
MOT problem. For simplicity, the corresponding decomposi-
tion vectors of upsize upper-level variable vectors are denoted
as w1, w2, . . . , wupsize.

In the decomposition-based multiobjective optimization
paradigm, the bilevel optimization could be viewed in a new
aspect by observing the evolutionary path as illustrated in
Fig. 2. In Fig. 2, three variable vectors from the upper-level
x1

u, x2
u, and x3

u are utilized to generate decomposition weights
in the 2-D lower-level transformed objective space. Therefore,
conventional methods of hierarchical bilevel optimization are
dedicated to seeking lower-level optimality under the guidance
of x1

u, x2
u, and x3

u, which can be seen as a search process
with the evolutionary path strictly along the decomposition
weight vector. For comparison, the dynamic decomposition
method provides a more flexible evolutionary path, such that
the search individual can more effectively approach the lower-
level optimal solution around the decomposition vector.

2) Collaborative Dynamic Weights: For the stage-2 MOT
problem shown in (8), all objectives are optimized simultane-
ously in the multiobjective paradigm, and thus, a customized
collaborative weight design strategy is desired to reflect the
inherent hierarchy of the original BLOP. Note that lower-level
objective value can be utilized as an indicator for lower-
level optimality for closer upper-level variables. Therefore,

Fig. 2. Illustration of the evolutionary path in the lower-level transformed
multiobjective search space.

MOTEA-II dynamically allocates the importance of the upper-
level transformed objective value and the rest lower-level
transformed objectives to better balance the importance of the
upper-level optimization efficiency and lower-level optimality
satisfaction. The motivation behind this design is that in
the early phase of the optimization process, we intend to
allocate a small amount of weight to the upper-level objec-
tive. Consequently, the lower-level optimality is emphasized
because there is a lower probability of finding the bilevel
optimal in the initial stage. More importantly, prematurely
emphasizing the transformed upper-level objective may lead
to the lower-level search far away from the feasible area of
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Fig. 3. Illustration of the dynamic weight design in the transformed
multiobjective space.

lower-level optimality constraint, and the search population
may be trapped in the infeasible area.

Given the well-established lower-level multiobjective
decomposition, the focus of the collaborative decomposition
can be exclusively concentrated on the first objective value
related to the upper-level problem and the decomposition value
of the m+ 1 lower-level objectives. In particular, the dynamic
upper-level decomposition weight design considers two fac-
tors: one is the reasonable representation of the hierarchical
relationships between the upper- and lower-level optimization,
while the other is the increased importance of the upper-
level objective value. Based on this consideration, we design
a dynamic upper-level decomposition weight strategy for the
transformed MOP, where the weight w0 = ( UFEs

UFEmax
)2 for the

upper-level objective exhibits a nonlinear increase with the
ratio of current upper-level function evaluations (UFEs for
short) to the maximal upper-level function evaluation (UFEmax
for short). At the same time, the lower-level optimality
constraint could be relaxed by 1−w0, to achieve better-search
efficiency.

To intuitively explain the dynamic weight design, the
adjustment of upper-level objective weights during different
stages is shown in Fig. 3. As illustrated in Fig. 3, the weight
w0 is adjusted with generations to increasingly emphasize
the importance of upper-level transformed objective value
in collaborative EA-based bilevel optimization. On the other
hand, the lower-level optimality satisfaction is also dynam-
ically adjusted in the dynamic weight design, such that the
upper-level objective optimization and lower-level optimality
satisfaction could be better balanced.

C. Decomposition-Based Multiobjective Search

This part presents the decomposition-based multiobjective
search for the optimization of the stage-1 MOT and stage-2
MOT problem using the above-designed dynamic weights.

1) Dynamic Multiobjective Decomposition: Traditional
decomposition-based algorithms for solving MOPs use each
search corresponding to a decomposed single-objective

subproblem. However, this strategy cannot well fit the
optimization of the MOT problems derived from a BLOP
for the following two reasons. First, more search resource is
needed to fulfill the lower-level optimality constraint in bilevel
optimization. Second, the estimation of the f l(xu,�(xl)) in
the proposed collaborative MOT requires sufficient supporting
neighboring solutions to achieve sufficient accuracy. For this
reason, the dynamic decomposition strategy in the proposed
collaborative MOTEA-II consists of two different kinds of
decomposition, i.e., the objective space decomposition and
the objective decomposition.

First, we introduce the objective space decomposition,
derived from MOEA/D-M2M [47]. With the set of designed
decomposition vectors (w0, w1), (w0, w1), . . . , (w0, wupsize),
MOTEA-II decomposes the (m + 2)-dimensional objective
space into a set of subspaces, and the search population is
correspondingly decomposed into a set of subpopulations.
Note that the weight w0 for the upper-level objective in the
decomposition vectors remains the same in stage-1 MOT-
based search, and apparently, it has no effect on the (m +
2)-dimensional objective space decomposition. For this reason,
MOTEA-II utilizes the designed weights w1, w2, . . . , wupsize
to decompose the lower-level transformed multiobjective space
Rm+1+ spanned by f1, f2, . . . , fm+1 into upsize subspaces, and
the kth subspace (1 ≤ k ≤ upsize) can be defined as

�k = {v ∈ Rm+|〈v, wk〉 ≤ 〈v, wi〉 for i = 1, 2, . . . , upsize}
where wk and wi are the decomposition weight vector of
the kth and ith subspace, respectively. The notation 〈v, wj〉
represents the cosine similarity between v and wj. Meanwhile,
the entire population is concurrently decomposed into upsize
subpopulations, identified as SP1, SP2, . . . , SPupsize, and each
of these subpopulations contains T solutions.

Then, we can introduce the objective decomposition to
obtain the decomposed single-objective subproblem for envi-
ronmental selection in each subpopulation. Using the objective
space decomposition strategy, a parallel subpopulation-based
search is conducted in MOTEA-II for the lower-level optimal
solution corresponding to the kth (k = 1, 2, . . . , upsize) mem-
ber of the stage-2 search population, focusing on its designated
subspace. To update these subpopulations by environmen-
tal selection, MOTEA-II implements a modified version of
the Penalty Boundary Intersection (PBI) method, originally
proposed in [43]. For the stage-2 MOT problem, the following
weighted-sum decomposition can be utilized to update the
stage-2 MOT-based search using the designed (w0, w):

w0f0(xu, xl)+ (1− w0)g((xu, xl)|w) (12)

where g((xu, xl)|w) is the modified PBI following the previous
MOTEA study [43].

2) Transformed Objective Evaluation: The main difficul-
ties involved in the transformed objective evaluation of the
stage-1 MOT problem and stage-2 MOT problem lie in
the estimation of the f l(xu, x∗l ). As shown in (6) and (8), the
stage-1 MOT problem has m + 1 objectives, while the first
objective is an intuitive linear transformation, and the rest
are the same as the stage-2 MOT problem. The evaluation
of the m + 1 objectives shared by stage-1 and stage-2 MOT
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problems requires estimating f l(xu, x∗l ). Theoretical studies in
MOTEA [43] have shown that using the estimated f l(xu, x∗l ) in
the lower-level transformed objective evaluation is a plausible
way to search the final BLOP optimality if the estimation
f l(x̂u, x̂l) approach f l(xu, x∗l ) with the population evolving, and
this theoretical results also fit the collaborative MOT method.
Based on this theory, a neighboring subpopulation strategy
is proposed to better estimate f l(xu, x∗l ) in MOTEA-II. To
properly define the neighboring subpopulation, we consider
using the similarity among lower-level optimization tasks.
Note that the optima of lower-level optimization tasks are
directly defined by the given upper-level variables, while the
dynamic weights for transformed objective decomposition are
derived from the upper-level variables. Therefore, the cosine
similarity of the designed dynamic weights can be utilized to
define the neighboring relationship. For the kth subspace with
the decomposition vector wk, the index of its N (N ≤ m)

neighboring subspaces in generation gen can be dynamically
defined as follows:

{Nbk1(gen), Nbk2(gen), . . . , NbkN (gen)} (13)

where Nbkj(gen) represents the jth closest decomposition
vector (j = 1, 2, . . . , N) to wk in generation gen. Within
the established neighboring relationship, the best-lower-level
objective value obtained, represented as f l(x̂u, x̂l), is applied to
approximate the f l(xu, x∗l ). The theoretical rationality of this
estimation can be found in the supplementary material.

With the well-defined neighboring relationship, MOTEA-II
first detects if there are enough candidates (≥ 2T) in each
subpopulation to support the estimation. If not, neighboring
subpopulations are included in the estimation process. Using
the estimated evaluated f l(x̂u, x̂l), the stage-1 and stage-2 MOT
problems presented by (6) and (8) can thus be evaluated.

3) New Population Generation: To achieve better con-
vergence, a specialized mechanism for search population
generation is designed based on the characteristics of the
two-stage collaborative MOT strategy. Specifically, the pop-
ulation generation mechanism in the proposed collaborative
MOTEA-II includes two interactive phases for stage-1 and
stage-2 MOT-based search. At first, a search population is
initialized in the search space containing upper- and lower-
level variables, by sampling from the Gaussian distribution
maintained by the CMA-ES optimizer. CMA-ES [48] is
a popular gradient-free optimization algorithm that exhibits
rotational invariance [49], making it highly effective for certain
complex optimization problems. The sample population is first
utilized to guide the stage-1 MOT-based optimization and then
to optimize the stage-2 MOT problem. During the stage-1
MOT-based search, decomposed subproblems defined by the
sampled population members need to be optimized by the
corresponding set of subpopulations. At this moment, each
subpopulation has only one individual coming from the above-
sampled population according to the objective decomposition
strategy defined in (12). Therefore, additional individuals are
generated to fill up each subpopulation by sampling from
the same Gaussian distribution with a mean shifted to the
existing individual of this subpopulation. After that, the stage-
1 MOT-based multiobjective search is conducted, and the

new population is generated by a modified simulated binary
crossover (SBX) operator. In the modified SBX, the first parent
is selected from the current subpopulation, ensuring that it
represents the characteristics of this particular subproblem.
The second parent is chosen from other neighboring subpopu-
lations, which introduces genetic diversity from different parts
of the search space. In cases where the selected parents exhibit
high similarity, alternative solutions are sourced from elite
individuals to ensure diversity in the crossover process. This
operator probabilistically combines the genes of the parent
solutions, governed by a crossover probability. Subsequently,
the offspring undergo polynomial mutation, introducing con-
trolled perturbations to maintain their feasibility within the
predefined bounds. To balance exploitation and exploration,
a parameter Rnd is introduced to control the probability of
conducting SBX among the same subpopulation or the neigh-
boring subpopulation. To further enhance exploitation, a new
strategy is proposed in MOTEA-II that if the best individuals
within a neighboring subpopulation do not change for a
predefined number of generations, the upper-level variables of
the newly created solution are replaced with those that define
the decomposition vector. The evolved subpopulations in the
stage-1 MOT-based multiobjective search are then merged
into the first phase sampled population and act as the new
population for the stage-2 MOT-based multiobjective search.

D. MOTEA-II Framework for BLOPs

The core structure of the MOTEA-II framework for
bilevel optimization is a two-stage collaborative MOT-based
multiobjective paradigm. The stage-1 and stage-2 MOT-based
multiobjective search are both operated in the whole bilevel
search space but with different priorities.

1) Stage-1 MOT-Based Search: The lower-level priori-
tized stage-1 MOT-based search is designed based on the
proposed dynamic decomposition strategy via the proposed
decomposition-based multiobjective paradigm. To focus on
lower-level search, the dynamic decomposition vectors for
the stage-1 MOT problem are generated from the given
x1

u, x2
u, . . . , xupsize

u , such that only the multiobjective trans-
formed from the lower-level objective is considered. In
MOTEA-II, the modified PBI shown in (7) will be adopted
for the environmental selection. Algorithm 1 provides the key
steps of the suggested lower-level priority stage-1 MOT-based
search. Algorithm 2 gives the details about the update of
upsize subpopulations.

Note that Algorithm 1 is initialized with a set of sub-
populations generated by sampling the Gaussian distribution
of collaborative bilevel optimization, with the mean vector
replaced by the (V+ xk

u)/2 for the kth decomposed subspace.
This mean vector shift strategy makes the sampled sub-
population adhere to the corresponding subspace, enhancing
the search efficiency afterward. The covariance matrix C
and vector V maintained by the collaborative bilevel search
population is utilized for the initialization of upsize subpop-
ulations for the lower-level prioritized stage-1 MOT-based
search. Furthermore, newly generated solutions are adjusted
using (14) to ensure they remain within the boundary. In
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Algorithm 1: Stage-1 MOT-Based Search

1 Input:
• x1

u, x2
u, . . . , xupsize

u ;
• Rnd, σ : a given probability and step size of sampling;
• V, C: mean vector and covariance matrix of Gaussian

distribution;
• T , N: subpopulation size and number of neighbors;
• Termination criteria.

2 Output: A group of subpopulations.
3 Generate decomposition vectors v1, v2, . . . , vupsize using

Eq. (5);
4 for k = 1 to upsize do
5 Initialize subpopulation SPk from the Gaussian

distribution G((V+ xk
u)/2, C);

6 Update the best solution xbestk
l ;

7 Assign neighboring subpopulation NPk = SPk;
8 end
9 while Criteria for termination are invalid do

10 Set P = ∅;
11 for k = 1 to upsize do
12 for x ∈ SPk do
13 Select parent y from SPk randomly;
14 Generate the random r ∈ [0, 1];
15 if r ≤ Rnd or ||x− y|| < 1e− 6 then
16 Reselect parent y from NPk randomly;
17 end
18 Create the new solution z;
19 Evaluate its multi-objective values;
20 P := P ∪ {z};
21 end
22 Q := P ∪ (∪upsize

k=1 SPk);
23 Update SP1, . . . , SPupsize by Eq. (12);
24 Update best solution xbestk

l for xu
k in SPk;

25 SPk ← SPk ∪ (xu
k, xbestk

l );
26 end
27 end
28 Output SP1, SP2, . . . , SPupsize.

Algorithm 1, the decomposition vectors in line 3 are derived
from the given upper-level variable vectors x1

u, x2
u, . . . , xupsize

u

using (5), and they remain constant throughout the entire
lower-level search process. Note that the decomposition vec-
tors are generated from upper-level variables with shrunken
boundaries to make the collaboration among corresponding
subpopulations more effective and plausible. In MOTEA-II,
the shrunken boundaries are used for subpopulation generation
in the stage-1 MOT-based multiobjective search, while the
stage-2 MOT-based multiobjective search utilizes the original
variable boundaries to explore the variable space as much as
possible.

2) Stage-2 MOT-Based Search: In the bilevel collaborated
Stage-2 MOT of MOTEA-II, a Gaussian distribution is
maintained to generate the new search population, and the
population is evaluated and enlarged in the Stage-1 MOT
search. The enlarged population then undergoes selection

Algorithm 2: Stage-2 MOT-Based Search

1 Input:
• N ≤ m: Number of neighbors
• UFEmax: Limited number of evaluations for the

upper-level function;
• LFEmax: Limited number of evaluations for the

lower-level function.
2 Output: The final upper- and lower-level variables.
3 Initialize step size σ , mean vector V, covariance matrix

C, and stage-2 population size upsize;
4 while Criteria for termination are invalid do
5 Generate (xk

u,xk
l ), k = 1, 2, . . . , upsize by sampling

from Gaussian distribution G(V, C) with the step size
σ ;

6 Repair the out-of-bounds individuals by Eq. (14);
7 SP1, . . . , SPupsize ← Stage-1 MOT-based search;
8 for k← 1 to upsize do
9 Update xk

u and the corresponding lower-level best
xbestk

l in SPk by the decomposed multi-objective
criterion shown in Eq. (12);

10 end
11 Update the parameters of CMA-ES;
12 end
13 Output (xk

u, xbestk
l ), k = 1, 2, . . . , upsize.

by the designed dynamic weights using the weighted-sum
decomposition presented in (12). The updated population
is subsequently ranked according to their performance for
the adaptation of the Gaussian distribution by the CMA-ES
mechanism. The maintained Gaussian distribution can also
be utilized for the subpopulation initialization, as we have
explained. Algorithm 3 provides the pseudocode for the bilevel
collaborated stage-2 MOT for the transformed multiobjective
search. Specifically, the CMA-ES search distribution, which is
a multivariate Gaussian distribution, along with its parameters,
is first initialized. Within the main process for the upper-level
optimization, offsprings are sampled from the Gaussian distri-
bution. After that, the stage-2 MOT-based search is executed.
Moreover, line 6 of Algorithm 1 provides a repair strategy to
avoid the m + n sample variables (x1, x2, . . . , x(m+n)) violate
the search boundary constraints. In particular, the jth variable
can be revalued as follows:

xj =
{(

xj + lbj
)
/2, if xj < lbj(

xj + ubj
)
/2, if xj > ubj

(14)

where lbj is the lower bound, and lbj is the upper bound
of the jth variable (1 ≤ j ≤ (m + n)). In addition, this
study adopts the constrained dominance principle (CDP) [50]
to handle the constraints existing in BLOPs. Specifically, the
following guidelines are provided for addressing constraints
at both levels. Feasible solutions are always prioritized over
infeasible ones in environmental selection. Furthermore, in
cases where none of the candidate solutions are feasible, the
values of constraint violation are used to evaluate the candidate
solutions.
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E. Time Complexity Analysis

In this part, we conduct a detailed complexity analysis for
the collaborative MOTEA-II framework to provide a theoreti-
cal comparison of its computational efficiency and scalability
against the previous MOTEA approach. This analysis includes
evaluating the time complexity of key components, includ-
ing the two-stage collaborative strategy, the dynamic weight
design mechanism, and the MOT processes. In particular,
we consider a BLOP with m upper-level variables and n
lower-level variables. In MOTEA-II, the original problem
of bilevel optimization is transformed into an MOP with
m + 2 objectives. The two-stage collaborative MOT and the
subsequent optimization are the main sources of computational
cost. More specifically, the operations for the stage-1 MOT
are O(upsize∗ (m+1)2), where upsize denotes the population
size of the upper-level search. The dynamic weight design
costs O((m+1)2) operations, and the following modified PBI
decomposition in each subpopulation and its N neighboring
subpopulations with the size as T needs an overall O(upsize∗
(m+ 1) ∗ T ∗ N) operations. Modified PBI-based selection in
the neighboring subpopulations is another major cost, which
involves O(upsize∗(T∗N)2) operations. In stage-2 MOT-based
search, the weighted-sum decomposition costs O(upsize ∗ 2 ∗
T ∗ N) operations, and the subsequent selection costs upsize
operations. Consequently, the total operations for a single
collaborative MOT-based search are O(upsize ∗ ((m + 1)2 +
(m + 3) ∗ T ∗ N + (T ∗ N)2) + 1) = O(upsize ∗ (m +
1)2). No additional storage is required during the two-stage
MOT process. The analysis shows that the conducted two-
stage MOT in the proposed collaborative MOTEA-II does not
bring extra same computational cost when compared with the
previous MOTEA.

IV. EXPERIMENTS AND ANALYSES

This section contains a comprehensive set of comparative
experiments and analyses on two well-established bilevel
optimization test suites, along with four practical applications
of BLOP.

A. Benchmark Problems

1) SMD Problems [21]: A scalable suite of BLOP
test instances, comprising a total of 12 distinct prob-
lems, is composed within the SMD test suites. Within
this test suite, SMD1-9 instances are unconstrained,
while SMD9-12 instances present constrained BLOPs.
Nonconvexity, multimodality, and deception are among the
intricate complexities exhibited by the SMD test suite. These
traits present significant challenges in identifying the true
optima for bilevel optimization algorithms. In the meantime,
conflicting and cooperative relationships may exist between
upper- and lower-level problems. The variable configurations
and optimal bilevel objective value can be found in the
supplementary material of Table S-1.

2) TP Problems [51]: The TP benchmark suite comprises
a relatively straightforward set of benchmarks, consisting of
ten test instances with linear objective functions and quadratic

objective functions. It should be noted that all test instances
within the TP suite are subjected to constraints. The variable
configurations and optimal bilevel objective value can be found
in the supplementary material of Table S-2.

B. Comparison Algorithms

The previous MOTEA [43] and three other meticu-
lously selected representative EA-based bilevel optimization
approaches are utilized for experimental comparison. Below
is a brief introduction of the comparison algorithms:

1) BL-CMA-ES [38]: A pair of CMA-ES-based optimizers
are deployed in BL-CMA-ES for BLOPs: one optimizer
is dedicated to optimizing upper-level problems, while
another is applied for lower-level optimization. Initialization
of the search distribution for the lower-level search is
achieved by sampling the marginal Gaussian distribution of
the upper-level search distribution. This information-sharing
mechanism between the upper- and lower-level optimizations
enables the leveraging of prior knowledge from the upper-
level optimizer, significantly improving the bilevel search
efficiency.

2) NBLEA [21]: Nested Bilevel EA (NBLEA) performs a
full population-based lower-level optimization for every upper-
level population member newly generated. It represents a
fundamental baseline for the nested EA-based methods for
BLOPs.

3) BLEAQ2 [29]: BLEAQ2 enhances the original bilevel
EA known as BLEAQ by introducing refinements to the
original quadratic approximation proposed in [27]. In BLEAQ,
the lower-level optimization leverages a quadratic model to
approximate optimal solutions within the feasible region,
augmented by an iterative local search and an archiving
mechanism to boost search efficacy. Building upon the ground-
work, BLEAQ2 advances this concept through an iterative
approximation method tailored for the rational response and
optimal value function of the lower-level problem, thereby
attaining enhanced performance over its predecessor.

C. Parameter Settings

To guarantee a fair assessment of algorithm performance,
the parameter settings adopted in the experimental study align
with those used in the original studies of MOTEA [43],
BL-CMA-ES [38], BLEAQ2 [29], and NBLEA [21]. For
the proposed MOTEA-II, the upper-level optimization uti-
lized the default parameters of CMA-ES [52], the same as
MOTEA and BL-CMA-ES. For termination conditions, the
MOTEA-II cease upper- or lower-level optimization when
they either reach the maximum function evaluation limits
for both levels (upper-level: UFEmax, lower-level: LFEmax)

or achieve the optimal upper- or lower-level objective values
detailed in the supplementary material of Tables S-1 and
S-2. Following the comparison MOTEA and BL-CMA-ES,
MOTEA-II also incorporates additional termination criteria for
upper- and lower-level specifically, i.e., a halt when the best-
objective value remains static over a predetermined number of
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TABLE I
COMPARISON OF THE MEDIAN AND IQR OF 31 INDEPENDENT UFAC AND LFAC VALUES OBTAINED BY THE COLLABORATIVE MOTEA-II AND

COMPARATIVE ALGORITHMS FOR 12 SMD TEST INSTANCES (m = 2, n = 3). BOLD INDICATES THE BEST PERFORMANCE AND ITALICIZED WITH

A GRAY BACKGROUND MEANS THE PERFORMANCE DOES NOT DIFFER SIGNIFICANTLY FROM THE BEST-PERFORMING ALGORITHM

evaluations as outlined in the supplementary material of Table
S-3 (upper-level: UFEstop, lower-level: LFEstop).

D. Simulation Results and Analyses

In this article, we employ two criteria to assess the
performance of EA-based bilevel optimization approaches:
1) the final bilevel accuracy of the obtained solutions and
2) the total number of function evaluations. Specifically, the
upper-level objective accuracy (UFAc for short) and lower-
level objective accuracy (LFAc for short) calculated by |F−F∗|
and |f − f ∗| are compared to evaluate the performance of each
comparison algorithm. Furthermore, we have also recorded the
total number of function evaluations (TFEs for short) involved
in upper- and lower-level search processes. The median value,
along with the interquartile range (IQR for short) value
of 31 independent runs, are used as statistical measures to
evaluate the performance of each experimental algorithm.
Those algorithms with the best performance are marked with
a gray background and highlighted in bold. Wilcoxon rank
sum test at a 0.05 significance level is conducted between
MOTEA-II and the other four competitors. In the experiment,
to reduce the influence of randomness, the execution of each
algorithm is executed 31 times.

1) Experiments on SMD Problems: The experimental
results for MOTEA-II and the four rival algorithms on the
m = 2, n = 3 SMD test instances, including the upper-
and lower-level objective accuracy (UFAc and LFAc) and the
total number of function evaluations (TFEs), are presented in
Table I and Table S-5 in the supplementary materials. SMD1-6
instances are relatively straightforward due to the upper-level
objective function having a naturally unimodal landscape. The
upper-level objective function in SMD7-8, characterized by
its multimodality, presents significant challenges to the search
efficacy of these EA-based bilevel optimization approaches.

Inaccuracy in the lower-level search may make the upper-level
search population trapped in the local optima. The introduction
of constraints at both levels in the SMD9-12 instance compli-
cates the optimization process, particularly by increasing the
complexity of the search space and potentially leading to a
higher likelihood of encountering infeasible solutions. From
Table I, it can be observed that MOTEA-II, MOTEA, and BL-
CMA-ES demonstrate similar performance regarding upper-
and lower-level accuracy, which is far superior to NBLEA
and BLEAQ2. This is because the CMA-ES, adopted as the
optimizer by MOTEA-II, MOTEA, and BL-CMA-ES, can
adaptively adjust step sizes and covariance matrices. This
feature allows it to converge more quickly to solutions near
the optimum than other search algorithms. In the SMD1-6
instances, MOTEA-II, MOTEA, and BL-CMA-ES achieve the
best upper- and lower-level accuracy. In the SMD7 instance,
MOTEA-II, MOTEA, and BL-CMA-ES exhibit comparable
performance, yet they fall short when compared to the superior
performance of NBLEA. This is because CMA-ES is not
adept at optimizing multimodal functions, while the genetic
operators employed in NBLEA maintain better-population
diversity, thereby enabling it to tackle multimodal problems
more effectively. As for the SMD8 instance, MOTEA-II,
MOTEA, and BL-CMA-ES perform the best at both levels.
The upper-level problem of the SMD8 instance features a
landscape akin to a lengthy and narrow valley, which CMA-
ES is capable of circumventing by leveraging its adaptive
step size control. SMD9-12 instances represent the constrained
BLOP, which tests the capability of bilevel optimization
algorithms to handle constraints. It can be observed from the
experimental results that MOTEA-II has achieved the best
results on these problems. This showcases the efficacy of
the proposed algorithms in addressing BLOP instances with
constraints. Table S-5 in the supplementary material and Fig. 4
provide the function evaluations of the MOTEA-II and four
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Fig. 4. Function evaluations for different bilevel optimization algorithms on 5-Dim SMD test instances.

TABLE II
COMPARISON OF THE MEDIAN AND IQR OF 31 INDEPENDENT UFAC AND LFAC VALUES OBTAINED BY THE COLLABORATIVE

MOTEA-II AND COMPARATIVE ALGORITHMS FOR 12 SMD TEST INSTANCES (m = 5, n = 5)

comparison algorithms on the m = 2, n = 3 SMD test
instances. the proposed collaborative MOTEA-II achieves the
best results in 11 out of the 12 test instances. Compared to
MOTEA, which transforms multiple lower-level optimization
problems into an MOP, MOTEA-II collaboratively handles
BLOP in a multiobjective optimization paradigm by the two-
stage collaborative MOT strategy. The interaction provided
by the parallel upper- and lower-level search allows the
proposed collaborative MOTEA-II to optimize the upper-level
problem with more useful information shared from lower-level
optimization. Therefore, the update efficiency of upper-level
search has been improved significantly. It also explains why
the proposed algorithm significantly outperforms its com-
petitors, MOTEA, as well as other comparison algorithms,
in terms of search efficiency. According to Fig. 4, it can
be found that MOTEA-II achieves the lowest number of

function evaluations among all algorithms, demonstrating a
clear advantage over others, particularly NBLEA, highlighting
its remarkable efficiency.

Table II and the supplementary material of Table S-6,
respectively, provide the upper and lower-level accuracy, along
with the total function evaluations, for the proposed collab-
orative MOTEA-II and its competitor on the m = 5, n = 5
SMD test instances. Regarding upper- and lower-level objec-
tive accuracy, the experimental results resemble those of the
(2 + 3)-dimensional SMD instances. For SMD1-6 instances,
MOTEA-II, MTOEA, and BL-CMA-ES all demonstrate supe-
rior performance. Meanwhile, in SMD7-12 instances, the
performance of MOTEA-II, MTOEA, and BL-CMA-ES is
similar, with MOTEA-II achieving the best performance con-
sidering upper- and lower-level accuracy in over half of these
six instances. BLEAQ2 demonstrates superior performance
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TABLE III
COMPARISON OF THE MEDIAN AND IQR OF 31 INDEPENDENT UFAC AND LFAC VALUES OBTAINED BY THE COLLABORATIVE

MOTEA-II AND COMPARATIVE ALGORITHMS FOR 12 SMD TEST INSTANCES (m = 10, n = 10)

concerning upper- and lower-level accuracy in the SMD11
instance. However, MOTEA-II outperforms BLEAQ2 in the
remaining 11 instances of the m = 5, n = 5 SMD test
instances. As the dimensionality increases, MOTEA-II can
maintain a performance level comparable to that of the 5-D
SMD problem in terms of upper- and lower-level objective
accuracy, which fully demonstrates the robustness and effec-
tiveness of our proposed algorithm. Additionally, regarding
algorithm efficiency, as shown in Fig. S-1 and Table S-6 in the
supplementary material, MOTEA-II demonstrates a significant
advantage, achieving the fewest function evaluations in 10
out of 12 test instances. Fig. S-1 in the supplementary
material highlights that MOTEA-II has significantly fewer
function evaluations than the other algorithms. while NBLEA
is the least efficient. MOTEA and BL-CMA-ES perform
similarly, with MOTEA being slightly more efficient, and
BLEAQ2 shows a more erratic performance. According to
Table III and the supplementary material of Table S-7, we
can observe the upper and lower-level accuracy and the
total function evaluations obtained by five algorithms on the
m = 10, n = 10 SMD test instance. Regarding the objective
accuracy, according to the rank sum test results, MOTEA-II
exhibits the best performance, achieving the highest accuracy
in SMD1-4, SMD6, SMD9, and SMD11 instances at both
levels. MOTEA outperforms MOTEA-II in terms of lower-
level accuracy in the SMD5 instance, and shows better
accuracy at both levels in the SMD8 instance. However,
the differences in accuracy among them are insignificant.
Fig. S-2 in the supplementary material also presents the
specific function evaluations for MOTEA-II and its four
competitors using line charts. As shown in Fig. S-2 of the
supplementary material, the algorithmic efficiency in the 20-D
SMD test suites can be distinctly grouped into three tiers:
MOTEA-II stands out as the first tier with the highest effi-
ciency. The second tier consists of BLCMAES and MOTEA,
which demonstrate moderate efficiency, significantly higher

than the third tier. The third tier, including NBLEA and
BLEAQ2, shows the lowest efficiency compared to the other
tiers.

2) Experiments on TP Instances: The comparative results
on the TP test suite can be found in Table IV. As can be
observed, experimental comparison as a whole provides a clear
vision that, MOTEA-II performs the best when considering
upper- and lower-level accuracy. MOTEA-II achieves the
highest-objective accuracy at both levels in TP4, TP6, and
TP9-10 instances, while BL-CMA-ES achieves the highest-
objective accuracy at both levels on TP2 and TP7 instances.
BLEAQ2 achieves the best performance at both levels on the
TP3 instance, while NBLEA surpasses all competitors on the
TP5 instance. This is largely due to the linear or quadratic
characteristics exhibited by almost all TP instances. The lower-
level optimality for evaluating each upper-level population
member can be effectively approximated by the quadratic
approximation models employed in NBLEA and BLEAQ2,
thereby explaining their success in yielding favorable results
on these test instances. Compared with MOTEA, MOTEA-II
demonstrates better performance on the TP test suite. This is
due to its two-stage MOT strategy, the original BLOP can
be collaboratively optimized in the multiobjective paradigm,
reconstructing the nested relationship between the upper-
and lower-level optimization using dynamic decomposition
weights. Consequently, MOTEA-II can conduct more effective
searches in a broader but dynamically controlled search space.
This also explains why the proposed MOTEA-II has better-
search efficiency than MOTEA on the TP test suite shown
in Table S-8 in the supplementary material. Regarding the
efficiency in EA-based bilevel optimization, the supplementary
material of Table S-8 indicates that MOTEA-II demonstrates
superior performance in items of computational efficiency
over its competitor MOTEA and BL-CMA-ES across TP1 to
TP8. This also validates the superiority of the collaborative
optimization of the upper- and lower-level problems within
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TABLE IV
COMPARISON OF THE MEDIAN AND IQR OF 31 INDEPENDENT UFAC AND LFAC VALUES OBTAINED BY THE COLLABORATIVE

MOTEA-II AND COMPARATIVE ALGORITHMS FOR TEN TP TEST INSTANCES

the multiobjective paradigm proposed in this article. However,
BLEAQ2 has demonstrated the best performance in terms
of total number of function evaluations. The main reason is
that BLEAQ2 adopts the sequential quadratic programming
algorithm, which is particularly effective for solving TP test
instances, as most instances in the TP test suite are linear or
quadratic.

3) Experiments on Four Real-World Applications: To fur-
ther assess the real-world impact, we will evaluate the
performance of the proposed collaborative MOTEA-II against
two popular EA-based bilevel optimization approaches,
namely, MOTEA and BL-CMA-ES, across four real-world
applications. These four real-world application problems
encompass scenarios related to 5G base station planning, med-
ical engineering, company decision-making, and autonomous
aerial vehicles (AAV) deployment. In the BasePlanning
problem [53], the objective of the lower-level decision-
makers (i.e., the operators) is to optimize the allocation of
BSs provided by the upper-level decision-maker (i.e., the
tower company) to minimize the significant costs involved
in building 5G networks. The goal of upper-level decision-
makers is to maximize the revenue generated by BS operations
while simultaneously minimizing the costs associated with BS
construction. The DecisionMaking problem, was presented by
Sinha et al. [54], where the upper-level decision-maker (i.e.,
the company) is driven by maximizing profit and maintaining
product quality. Concurrently, the lower-level decision-makers
(i.e., the branches) are motivated by the maximization of their
benefits and the pursuit of employee satisfaction. Note that this
application problem is a bilevel MOP, and this article adopts
scalarizing methods [54] to aggregate multiobjectives. In the
medical engineering problem, this article specifically studies
the bilevel application in IMRT, i.e., intensity-modulated radi-
ation therapy. In IMRT, engineers need to identify the optimal
coil configuration to provide organs requiring treatment with
sufficient radiation intensity while protecting all other organs
at risk of radiation in the MedEngineering problem. For
specific mathematical modeling details, please refer to [55]. In
AAV deployment problem [42], the bilevel model considers the

TABLE V
MEDIAN RESULTS OF THE THREE EXPERIMENTAL ALGORITHMS ON THE

FOUR REAL-WORLD APPLICATIONS

hierarchic optimization of the AAV position and the offloading
decisions of Internet of Things (IoT) devices. The upper-
level decision-maker determines the AAV location to minimize
the energy consumption of the AAV, while the lower-level
makes the offloading decisions for IoT devices to minimize
the total energy expenditure of the IoT system. For an in-depth
explanation of those bilevel application problems, readers are
directed to the supplementary material.

Table V provides experimental results of the proposed
algorithms compared to MOTEA and BL-CAM-ES on
four real-world BLOPs. The best-performing algorithms are
marked with a gray background and highlighted in bold.
Comparison of experimental results are shown in Table V,
and it is noticeable that MOTEA-II not only achieves the
best-upper-level objective values at both levels for all four
real-world BLOPs but also requires the fewest function eval-
uations, which further validates the efficiency and robustness
of the proposed collaborative MOTEA-II in this study. In
addition, Fig. S-3 in the supplementary material presents the
running time comparison between the proposed algorithm,
MOTEA-II, MOTEA, and BLCMAES. As can be observed,
the running time of MOTEA-II is significantly lower than that
of MOTEA and BLCMAES, thereby validating the efficiency
and effectiveness of the proposed method.
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V. CONCLUSION

This article has proposed MOTEA-II, which is an
enhanced version of the original MOTEA, specifically
designed to address upper- and lower-level collaboration
for bilevel optimization in a multiobjective paradigm. In
MOTEA-II. the two-stage collaborative MOT enables compre-
hensive information sharing between upper- and lower-level
optimization and among multiple lower-level optimizations,
allowing for a better way to handle the hierarchy and collabo-
rations between the two levels. Furthermore, a dynamic weight
design strategy has been proposed for the multiobjective
search, which facilitates adaptive and flexible controlling of
lower-level optimality and bilevel search efficiency by dynam-
ically adjusting the importance of the hierarchical objectives.
Extensive comparative evaluations against four representative
algorithms demonstrate the superior performance of MOTEA-
II. The evaluations, performed on two well-known bilevel test
suites and four practical bilevel application problems, highlight
the promising performance of the proposed collaborative
MOTEA-II.

As the lower-level problem is approximated rather than
solved for optimality in MOTEA-II, there is a risk of gener-
ating infeasible or suboptimal bilevel solutions. This tradeoff
between computational efficiency and solution quality may
limit the applicability in scenarios where strict feasibility is
essential. Notably, this limitation is also shared by other EA-
based bilevel optimization methods. Therefore, future research
could further explore the potential applications and extensions
of MOTEA-II to other complex optimization scenarios.
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